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Abstract 

There are nontrivial dualities and parallels between polynomial algebras and the 
Grassmann algebras. This paper is an attempt to look at the Grassmann algebras 
at the angle of the Jacobian conjecture for polynomial algebras (which is the ques- 
tion/conjecture about the Jacobian set - the set of all algebra endomorphisms of a 
polynomial algebra with the Jacobian 1 - the Jacobian conjecture claims that the 
Jacobian set is a group). In this paper, we study in detail the Jacobian set for the 
Grassmann algebra which turns out to be a group ~ the Jacobian group S - a sophis- 
ticated (and large) part of the group of automorphisms of the Grassmann algebra 
An- It is proved that the Jacobian group E is a rational unipotent algebraic group. A 
(minimal) set of generators for the algebraic group S, its dimension and coordinates 
are found explicitly. In particular, for n > 4, 



dim(E) 



1)2" ^ — + 2 if n is even, 
1)2"-^ - + 1 if n is odd. 



The same is done for the Jacobian ascents - some natural algebraic overgroups of S. 
It is proved that the Jacobian map a i— >■ det(^^^^) is surjective for odd n, and is 
not for even n though, in this case, the image of the Jacobian map is an algebraic 
subvariety of codimension 1 given by a single equation. 
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1 Introduction 

Throughout, ring means an associative ring with 1. Let K be an arbitrary ring (not 
necessarily commutative). The Grassmann algebra (the exterior algebra) A„ = Kn{K) = 
K[xi, . . . , Xn\ is generated freely over K by elements xi, . . . ,Xn that satisfy the defining 
relations: 

xl = ■ ■ ■ = x'^ = and XiXj = —XjXi for all i ^ j. 

What is the paper about? Motivation. Briefly, for the Grassmann algebra A„ 
over a commutative ring K we study in detail the Jacobian map 

J(.,:=det(^) 

which is a 'straightforward' generalization of the usual Jacobian map J^{cr) := det(^|^) 
for a polynomial algebra P„ = K[xi, . . . , a G Endx -aig{Pn)- The polynomial Jacobian 
map is not yet a well-understood map, one of the open questions about this map is the 
Jacobian conjecture (JC) which claims that J^{(j) = 1 implies a G Ant xiPn) (where K is 
a field of characteristic zero). Obviously, one can reformulate the Jacobian conjecture as 
the question of whether the Jacobian monoid E(P„) := {cr e EndK-aig{Pn) \ J{.o-) = 1} is 
a groupl The analogous Jacobian monoid S = E(A„) for the Grassmann algebra A^ is, 
by a trivial reason, a group, it is a subgroup of the group Auti4'(A„) of automorphisms of 
the Grassman algebra A„. It turns out that properties of the Jacobian map J are closely 
related to properties of the Jacobian group S which should be treated as the 'kernel' of 
the Jacobian map J despite the fact that J is not a homomorphism. 

It turns out that the Jacobian group S is a large subgroup of Auti4:(A„), so we start the 
paper considering the structure of the group Aut/4'(A„) and its subgroups. The Jacobian 
map and the Jacobian group are not transparent objects to deal with. Therefore, several 
(important) subgroups of Auti^(A„) are studied first. Some of them are given by explicit 
generators, another are defined via certain 'geometric' properties. That is why we study 
these subgroups in detail. They are building blocks in understanding the structure of the 
Jacobian map and the Jacobian group. Let us describe main results of the paper. 

In the Introduction, i^" is a reduced commutative ring with i e n > 2 (though many 
results of the paper are true under milder assumptions, see in the text), A„ = A„(i^) = 
K\_xi, . . . , Xn\ be the Grassmann i^'-algebra and m := (xi, . . . , x„) be its augmentation 
ideal. The algebra A„ is endowed with the Z- grading A„ = ©"=o^",i Z2-grading 
Kn = A'^ © A°^, and so each element a e A„ is a unique sum a = a'^'" + a°'^ where a^*" G A'^ 
and a""^ G A"'^. For each s > 2, the algebra A„ is also a Z^-graded algebra (Z^ := Z/sZ). 

The structure of the group of automorphisms of the Grassmann algebra and 
its subgroups. In Sections |2] and [HI we study the group G := AutxiAn^K)) of i^'-algebra 
automorphisms of A„ and various its subgroups (and their relations): 
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• Ggr^ the subgroup of G elements of which respect Z-grading, 

• Gz2~gr, the subgroup of G elements of which respect Z2-grading, 

• Gzs-gr, the subgroup of G elements of which respect Z^-grading, 

• U := {a E G \ cr(xj) = Xj + ■ ■ ■ for all i} where the three dots mean bigger terms with 
respect to the Z-grading, 

• G""^ ■= {a e G\ a{xi) G A^.i + for all i} and G^" := {a e G\ a{xi) G A„,i + 
A^^ for all i}, 

• Inn(A„) := {uu '■ x uxu^^} and Out(A„) := G'/Inn(A„,), the groups of inner and 
outer automorphisms, 

• n := {cui+a I a G A"'^}, 

• For each odd number s such that I < s < n, Q{s) := {uji+a \ ^ G J2i<j isodd ^njs}, 

• r := {7b I 'jbixi) =Xi + bi, 6i G A""' n m^ 2 = 1, . . . , n}, 6 = (61, . . . , 6„), 

• For each even number s such that 3 < s < n, r(s) := {7^ | all bi G J2j>i ^n,i+js}, 

• f/" := {tx I r^ixi) =Xi + ■ ■ ■ x„, A = (Ai, . . . , A„) G iT"} - ^ A, 
. GLniKyP := {(TA I c7a{x,) = E;=i a,,x,, A = (a,,) G GL„(ir)}, 

• $ := {(T : Xj ^— s> + aj) | Oj G A^^ fl m^, 2 = 1,..., n}. 

If = C the group rGL„(C)°P was considered in [2]. If i^' = is a field of characteristic 
7^ 2 it was proved in [4J that G is a semidirect product Inn(Afc(fc)) x Gz2-gr- One can find 
a lot of information about the Grassmann algebra (i.e. the exterior algebra) in [3]. 

• (Lemma 12.81 (5)) Q is an ahelian group canonically isomorphic to the additive group 

A-^n/K^ n Kxi ■■■Xn via UJi+a ^ O. 

• (Lemma [231 Corollary [51151(3)) Inn(A„) = Vt and Out(A„) ~ G^a-gr- 

• (Theorem [2HD U = Vty^T. 

• (Theorem I2.17P Vt is a maximal ahelian subgroup of U if n is even (Vt ^ U"' ); and 
VtU^ = i7 X f/" is a maximal abelian subgroup of U if n is odd (i7 fl t/" = {e}). 

• (Theorem 12. 14^ Corollary 12. 15^ Lemma [2.161) 

1. G = U ^ GhniKY" = {Vl^V)^ GL„(ir)°P, 

2. G = VL y\ Gz2-gr, and 

2 Q QevQod Qod^ev 
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(Lemma [2ia(l)) G°'^ = Gz,-gr = T x GL„(ir)°P. 
(Lemma I3.6p Let s = 2, . . . ,n. Then 



Zs-gr 



r(s) X GL„(ir)°P, if s is even, 
n{s) X GL„(ir)°P, if s is odd. 



The Jacobian matrix and an analogue of the Jacobian Conjecture for A„. 

The even subalgebra A'^ of A„ belongs to the centre of the algebra A„. A K-linear map 
(5 : A„ — i> A„ is called a left skew derivation if S{aiaj) = S{ai)aj + (— l)*aj(5(aj) for all 
homogeneous elements a, and aj of graded degree i and j respectively. Surprisingly, skew 
derivations rather than ordinary derivations are more important in study of the Grassmann 
algebras. This and the forthcoming paper [1] illustrate this phenomenon. 

The 'partial derivatives' di := . . . , 9„ := are left skew K -derivations of An{K) 
{di{xj) = 6ij, the Kronecker delta; dk{aiaj) = dk{ai)aj + {—iyaidk{aj)). Let S"'^ : = 
End/^_a/g(A„)'"^ := {a G Endft-_aig(A„) | all a{xi) G A"*^}. For each endomorphism a G S°'^, 
its Jacobian matrix |^ := (^^^) G M„(A™) has even (hence central) entries, and so, the 
Jacobian of cr, 

is well-defined element of the even subalgebra A'^. For cr, r G f^"'^, the 'chain rule' holds 

9(crr) ^(9r^ (9cr 
9a; dx dx ' 

which implies, J{(yT) = J{o') ■ o{J{t)), i.e. the Jacobian map is almost a homomorphism 
of monoids (with zeros). It follows that the sets S C S C (9 are monoids where 

0:={(ye E"'^ I J{(t) is a unit}, S := {a G f | J{(j) = 1}, S := {a G S"'^nT \ J{a) = 1}. 

If a G S""^ n Autx(A„) = Gza-gr = rGL„(fs:)°P (Lemma [2ia(l)) then a'^ G ^""^ H 
Auti^(A„) and 

1 = Jiid^J = Jiaa~') = J{a)a{J{a~')), 

and so J{(t) is a unit in A„. 

An analogue of the Jacobian Conjecture for the Grassmann algebra A„, i.e. a E O 
implies a is an automorphism (i.e. (9 C G := AntK{An)), is trivially true. 

• OCG. 

Proof Let cr G C. Then a{x) = Ax + ■ ■ ■ where x := (xi, . . . , x„)*, A G Mn{K), and the 
three dots mean higher terms with respect to the Z-grading. Since 

J (a) = det{A) mod m 
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and is a unit, the determinant must be a unit in K. Changing a for cra^-i where 

(T^-i(x) = A^^x (o"(T^-i(x) = A~^Ax + ■ ■ • = X + ■ ■ ■ ) one can assume that, for each i = 
1, . . . ,n, a{xi) = Xi — tti where G m^flA"'^. Let us denote a{xi) by x[, then Xj = a;^ + aj(x). 
After repeating several times (< n times) these substitutions simultaneously in the tail of 
each element Xj, i.e. elements of degree > 3, it is easy to see that Xi = x'^ + bi{x') for some 
element bi{x') G m'^ fl A'^. This gives the inverse map for a, i.e. a E G. The elements bi 
can be found even explicitly using the inversion formula (Theorem 13. ip . □ 

The next two facts follow directly from the inclusion (9 C G and the formula ^/(cr^^) = 
a-\j{a)-^), for all a G G. 

• S, S, and O are groups. 

• = Gz,-gr = r X GLniKyp and S = S X SL„(/s:)°p. 

The Jacobian map and the Jacobian group. The set £"„ := K* + ^^>i A„ 2m is 
the group of units of the even subalgebra A^^ := ©m>oAn,2m of A„ where K* is the group of 
units of the ring K; and E'^ := 1 + ^^>i A„^2m is the subgroup of En- Due to the equality 
J^ctt) = J{(y)a{J{T)), to study the Jacobian map 

is the same as to study its restriction to F: 

J:V^El a^J{a). 

When we mention the Jacobian map it means as a rule this map. The Jacobian group 
S = {(J G r I J{(y) = 1} is trivial iff n < 3. So, we always assume that > 4 in the results 
on the Jacobian group S and its subgroups. 

An algebraic group A over K is called affine if its algebra of regular functions is a 
polynomial algebra . . . , with coefficients in K where d := dim(y4) is called the 
dimension of A (i.e. A is an affine space). If is a field then dim(A) is the usual 
dimension of the algebraic group A over the field K. 

• (Theorem 16.31) The Jacobian group S is an affine group over K of dimension 

I [n — 1)2"~^ — + 2 if n is even, 
dim(E) = < ^ ' n 

|(n- l)2"-i -n^ + 1 ifmsodd. 

• The coordinate functions on S are given explicitly by [9d\] and Corollary \4.11\ (5). 

A subgroup of an algebraic group A over K is called a 1-parameter subgroup if it 
is isomorphic to the algebraic group {K,+). A minimal set of generators for an affine 
algebraic group A over K is a. set of 1-parameter subgroups that generate the group A as 
an abstract group but each smaller subset does not generate A. 
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• (Theorem 16.11) A (minimal) set of generators for E is given explicitly. 

• (Corollary 14.131) The Jacobian group S is not a normal subgroup ofT ifjn> 5. 

• (Theorem 17.91) The Jacobian map J : T ^ E'^, a ^ J{p\ is surjective if n is 
odd, and it is not surjective if n is even but in this case its image is a closed affine 
subvariety of E'^ of codimension 1 which is given by a single equation. 

The subgroups S' and E" of the Jacobian group S. To prove the (above) results 
about the Jacobian group E, we, first, study in detail two of its subgroups: 

S' := S n $ = {o- : Xi f-^ Xi{l + a^) | J{a) = 1, G A^" H m^ l<i<n} 

and the subgroup S" is generated by the explicit automorphisms of S (see fl65l) ): 

^i,bi ■ I > Xj ~l~ Xj I > Xj, j ^ i, 

where hi & K[xi, . . . ,Xi, . . . , Xn\'>3 and i = 1, . . . ,n. 

The importance of these subgroups is demonstrated by the following two facts. 

• (Corollary SUKl)) S = S'S". 

• (Theorem 1111(1)) T = 

Note that each element Xi is a normal element of A„: XiAn = A.nXi. Therefore, the ideal 
(xi) of An generated by the element Xi determines a coordinate 'hyperplane.' The groups E' 
and S" have the following geometric interpretation: the group S' preserves the coordinate 
'hyperplanes' and elements of the group S" can be seen as 'rotations.' 

By the definition, the group S' is a closed subgroup of S, it is not a normal subgroup 
of E unless n < 5. It is not obvious from the outset whether the subgroup S" is closed or 
normal. In fact, it is. 

• (Theorem 16.41 (2)) S" is the closed normal subgroup of H, S" is an affine group of 
dimension 



dim(S") 



[n-l)2"-i-n2 + 2-(n-3)(2) 
{n - l)2"-i - ^2 + 1 - (n - 3) (f) if n is odd, 



and the factor group S/S" ~ S'/S'^ is an abelian affine group of dimension dim{Il/ J]'' 
^(V)-(2) = (^-3)(2)- 



(Corollary 15. 6p The group E' is an affine group over K of dimension 
dim(S') = 



{n — 2)2" ^ — n + 2 if n is even., 
{n - 2)2"'2 _ ^ + 1 ^friis odd. 
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(Lemma 16.21) The intersection S' fl S" is a closed subgroup ofT,, it is an affine group 
over K of dimension 



dim(S' n S'' 



[n - 2)2"-2 _ ^ + 2 - (n - 3) (2) if n is even, 
(n - 2)2"-2 _ ^ + 1 _ _ 3) (^j ^fnis odd. 



• The coordinates on S' and S" are given explicitly by and U01\} . 

To find coordinates for tlie groups S, S', and S" explicitly, we introduce avoidance functions 
and a series of subgroups {$'2''+^} , s = 1, 2, ... , [^^], of $ that are given explicitly (see 
Section [5]). They are too technical to explain in the introduction. 

• (Theorem 15.41) This theorem is a key result in finding coordinates for the groups S, 
S', S", etc. 

The Jacobian ascents r2s- In order to study the image of the Jacobian map : 
r — i> E'^, a I— s> J[(y\ certain overgroups of the Jacobian group S are introduced. They 
are called the Jacobian ascents. The problem of finding the image \m.{J^ is equal to the 
problem of finding generators for these groups. Let us give some details. The Grassmann 
algebra A„ has the m-adic filtration {m*}. Therefore, the group E'^ has the induced m-adic 
filtration: 



^'n — -^n,2 ^ -^n,4 3 " " " ^ ^'n,2m ^ " " " ^ -^n,2[f ] ^ -^n,2[f]+2 " {!}) 

where E'^ 2m '■— -^n f"! (1 + tTi^™). Correspondingly, the group F has the Jacobian filtration: 

r = r2 ^ r4 3 ■ ■ ■ D ^ ■ ■ ■ ^ — ^2[f ]+2 = s, 

where ■= ^n,2m ■= J~^{E'^,2m) = W J^i^) ^ E'n,2m}- follows from the equality 
J{crT) = J{a)a{J{T)) that all are subgroups of F, they are called, the Jacobian 
ascents of the Jacobian group S. 

The Jacobian ascents are distinct groups with a single exception when two groups 
coincide. This is a subtle fact, it explains (partly) why formulae for various dimensions 
differ by 1 in odd and even cases. 

• (Corollary 17. 7p Let K be a commutative ring andn > 4. 

1. If n is an odd number then the Jacobian ascents 

F = F2 D F4 D ■ ■ ■ D F2s D ■ ■ ■ D F2[^] D F2[^]+2 = S 

are distinct groups. 



2. If n is an even number then the Jacobian ascents 
F = F2 D F4 D ■ ■ ■ D F2. D ■ ■ ■ D F2[s]_2 D 
are distinct groups except the last two groups, i.e. F2[ii] = F2[ii]+2- 



The subgroups {F^*"*"^} of F are given explicitly, 

F^^+i := {a : x^^ Xi + ai\aie H m^"+\ l<i<n}, s > 1, 

they have clear structure. The next result explains that the Jacobian ascents \T2s} have 
clear structure too, = F^^+^S, and so the structure of the Jacobian ascents is completely 
determined by the structure of the Jacobian group S. 

• (Theorem 17.11) Let K he a commutative ring and n> A. Then 

1. = F^^+^S = = for each s = 1, 2, . . . , [^]. 

2. If n is an even number then F„ = S, i.e. F„ = F„_|_2 = S. 

The next theorem introduces an isomorphic affine structure on the algebraic group F. 

• (Theorem 17.21) Let K be a commutative ring, n > 4, and s = Then 
each automorphism a is a unique product a = 0a(2)*^a(4) ' ' ' ^'a{2[!i^])'^ -^^^ unique 
elements a{2s) G A„ 2s O'lT'd 7 € F2[ii^]_,_2 ~ ^ (^V (ES^jj- Moreover, 

a(2) = Ji(j)-l modK,4, 

a{2t) = J {(p'al2t-2) ■ ■ ■ 0'a(V) " ^ K,2t+2, t = 2, . . . , [^^-^], 

1 = (01(2)01(4) ■■■0l(2[Ii^]))"'^- 

The automorphisms 0l(2s) are give explicitly (see Section [7| for details), they are too 
technical to explain here. The theorem above is a key result in proving that various quotient 
spaces, like F2s/F2t {s < t), are affine, and in finding their dimensions. An algebraic variety 
V over K is called affine (i.e. an affine space over K) if its algebra of regular functions 0{V) 
is a polynomial algebra K[vi, . . . ,Vd\ over K where d := dim(y) is called the dimension 
of V over K. In this paper, all algebraic groups and varieties will turn out to be affine 
(i.e. affine spaces), and so the word 'affine' is used only in this sense. This fact strengthen 
relations between the Grassmann algebras and polynomial algebras even more. 

• (Corollary 17. 5p Let K be a commutative ring, n > 4. Then all the Jacobian ascents 
are affine groups over K and closed subgroups ofV, and 

dim(F2.) = dim(S) ^ = 1, . . . , [^]. 

i=s ^ ' 

• (Corollary I7.8p Let K be a commutative ring and n > 4. Then the quotient space 
F/E := {crS \ a & r} is an affine variety. 

1. If n is odd then the Jacobian map F/S —>■ E'^, crE <J{<^), is an isomorphism 
of the affine varieties over K , and dim(F/S) = 2"^-*^ — 1. 
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2. If n is even then the Jacobian map F/S E'^/E'^^, aS i-^ J{a)E'^^, is an 
isomorphism of the affine varieties over K (where E'^^ = 1 + Kxi ■ ■ ■ Xn), and 
dim(r/S) = 2"-i -2. 

• (Theorem 17. 9p Let K be a commutative ring, n > A, J' : T E'^, a t-^ J{p\ be the 
Jacobian map, and s = 1,2, . . . , [^^]- Then, 

1. for an odd number n, the Jacobian map J is surjective, and 

2. for an even number n, the Jacobian map J is not surjective. In more detail, 
the image im(j7') is a closed algebraic variety of E'^ of codimension 1. 

The unique presentation a = Ui+a'JbO'A for cr G Aut/^(A„). Each automorphism 
a E G = QrGLn{K)°P is a unique product (Theorem I2.14p 

where cui+a G (a G A^'^), 76 G T, and a a G GL„(K)°p where A'""^ := ©iA„,i and i runs 
through odd natural numbers such 1 < i < n — 1. The next theorem determines explicitly 
the elements a, b, and A via the vector-column cr(x) := {a{xi), . . . , cr(x„))* (for, only one 
needs to know explicitly the inverse for each 7;, G F which is given by the inversion 
formula below, Theorem 13.11) . 

• (Theorem 19.11) Each element a E G is a unique product a = uJi+albCA (Theorem 
\2. 14\ (3)) where a G A'f and 

1. (r{x) = Ax + ■ ■ ■ (i.e. cr(x) = Ax mod for some A G GL„(fC), 

2. b = A-^a{xy^ - X, and 

3. a = -llbiY^i=i xi ■ --Xidi ■ ■ ■ didi+i{a[^^)+di{a[)) where a'^ := (A"^7^"^(o-(x)^''))i, 
the i'th component of the column-vector A'^^y^^ {a (xY^), 

where di := -^,...,dn ■= are left skew K-derivations of An{K) (di{xj) = Sij, 
the Kronecker delta). 

The inversion formula for automorphisms. The formula fl23|) for multiplication of 
elements of G shows that the most non-trivial (difficult) part of the group G is the group F. 
Elements of the group F should be seen as ?7,-tuples of noncommutative polynomials in anti- 
commuting variables Xi, . . . , x„, and the multiplication of two n-tuples is the composition 
of functions. The group F (and rGLn{K)°P) is the part of the group G that 'behaves' in 
a similar fashion as polynomial automorphisms. This very observation we will explore in 
the paper. The analogy between the group F and the group of polynomial automorphisms 
is far more reaching than one may expect. 
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(Theorem l3.1l) (The Inversion Formula) Let K be a commutative ring, a G rGL„(ii')°P 
and a G An{K). Then cr~^(a) = J2aeBn '^aX'^ where 

K := (l-a(xO5;)(l-(T(x„_i)9;_i)---(l-a(xi)909'"(a) Gir, 



det(^ 



■det 



/ 9cr(xi) 


da{xi)\ 
dxm 






a 

dxi 


a 

dXm 


, i = l,. 


. , n 


da-{xn) 
\ dxi 


aa-{xn) 

dXm / 







where di := 7^ 



, • • • , L/n 



are left skew K -derivations of An{K). 



Then, for any automorphism a = uJi^alb^A ^ G, one can write exphcitly the formula 
for the inverse cr~\ ( j24l) . Note that uJi^a = ^i~a and a^^ = cta-^- So, 7^"*^ is the most 
difficult part of the inverse map a^^ . The formula for 7^^ is written via skew differential 
operators (i.e. linear combinations of products of powers of skew derivations). That is why 
we start the paper with various properties of skew derivations. Detailed study of skew 
derivations is continued in [Ij. 

Analogues of the Poincare Lemma. The crucial step in finding the 6 (in cr = 
ujiJ^alb<^A) is an analogue of the Poincare Lemma for A„ (Theorem 18.21) where the solutions 
(as well as necessary and sufficient conditions for existence of solutions) are given explicitly 
for the following system of equations in A„ where a G A„ is unknown, and Ui G A„: 



Xia = Ml, 
X2a = U2, 



(Theorem 18.21) Let K he an arbitrary ring. The system above has a solution iff (i) 
Ui G (xi), . . . , M„ G (x„), and [ii) XiUj = —XjUi for all i j ■ Then 



n-l 



xi ■ ■ -Xnttn + ■ ■ '^^^^ ' ' ■ didi+i{ui+i) + di{ui), a„ G K, 



i=l 



are all the solutions. 



Note that the left multiplication on Xi is, up to the scalar |, a skew derivation in A„: 
Xi{ajak) = ^{{xiaj)ak + {—iyaj{xiak)) for all homogeneous elements aj and a^. of Z-graded 
degree j and k respectively. 
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Another version of the Poincare Lemma for A„ is Theorem 18.31 where the solutions are 
given exphcitly for the system (of first order partial skew differential operators): 

(9i(a) = ui, 

^2(0) = U2, 

< 

where di := ■ ■ ■ ,0^ := are the left partial skew i^-derivatives of A„. 

• (Theorem 18.31) Let K he an arbitrary ring. The system above has a solution iff (i) 
Ui G K{xi, . . . , Xi+i, . . . Xn) for all i; and {ii) di{uj) = —dj{ui) for all % 3 . 
Then 

a = A+ ^ (l-x„9„)(l-a;„_i9„„i)---(l-xi9i)(Ma)x", \^K, 

are all the solutions where for a = {ii < ■ ■ ■ < ik}, Ua '■= di^di^_^ ■ ■ ■ di.^{ui^). 

Minimal set of generators for the group F and some of its subgroups. For 

each z = 1, . . . , n; A G iC; and j < k < I, let us consider the automorphism di^xx^x^xi G F: 
Xj i-H> + XxjXkXi, Xm > Xm, foT all m ^ i. Then 

0'i,XxjXkXiO'i,fiXjXkXi = ^i,{X+n)xjXkXi) ^i,\xjXkXi ~ ^i-XxjXkXi' 

So, the group {ai^xx^x^xi | A G K} is isomorphic to the algebraic group {K, +) via ai^xx^x^x^ ^ 
A. 

• (Theorem 13.111 (1)) The group F is generated by all the automorphisms cn^xxjXkXi, i-G. 
r = {ui^xxjXkXi \ i = I, . . . ,n] X e K;j < k < I). The subgroups {(Ji^xx,XkXi}xeK form a 
minimal set of generators for F. 

• ( Theorem 13.111 (3)) The group U is generated by all the automorphisms (Ji^xx^x^xi o,nd 
all the automorphisms Ui+xx,, i-e. U = {(Ti^xxjxkxn^^i+Xx, \ ,i = I, ■ ■ ■ ,n; X e K; j < 
k <l). The subgroups {cri^\xjXkXi}x(^K, {^i+Xxi}x(^K form a minimal set of generators 
for U . 

• (Corollary I3.12p The group $ is generated by all the automorphisms (Ti^xx.x^xi, i-^- 
^ = {(^i,xx,xkxi \ i = l,...,n;X e K;k < l;i ^ {k,l}). The subgroups {ai^xx^x^xi} x&k 
form a minimal set of generators for $. 
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2 The group of automorphisms of the Grassmann ring 



For reader's convenience, at the beginning of this section some elementary rcsuhs on Grass- 
mann rings and their left skew derivations are collected. Later in the paper they are used 
in proofs of many explicit formulae. In the second part of this section, all the results on the 
group of automorphisms of the Grassmann ring and its subgroups (from the Introduction) 
are proved. 

The Grassmann algebra and its gradings. Let K be an arbitrary ring (not nec- 
essarily commutative). The Grassmann algebra (the exterior algebra) A„ = h.n{K) — 
K\_xi, . . . , Xn\ is generated freely over K by elements Xi, . . . , x„ that satisfy the defining 
relations: 

x\ — --- — x^ — Q and XiXj — —XjXi for all i ^ j. 

Let Bn be the set of all subsets of the set of indices {1, . . . ,n}. Wc may identify the set 
H„ with the direct product {0, 1}" of n copies of the two-element set {0, 1} by the rule 
{ii, . . . , ik} ^ (0, . . . , 1, . . . , 1, . . . , 0) where I's are on ii, . . . ,ik places and O's elsewhere. 
So, the set {0, 1}" is the set of all the characteristic functions on the set {1, . . . , n}. 

An = i^^:" = x^K, x^ := • • 

aeB„ aeB„ 

where a — (cki, . . . , «„) e {0, 1}" = Bn- Note that the order in the product is fixed. 

So, A„ is a free left and right 7^-modulc of rank 2"^. The ring An{K) is commutative iff K 
is commutative and either n = 1 or — 1 = 1. Note that (,Xj) := XiAn = A^Xj is an ideal 
of A„. Each element a G A„ is a unique sum a = ^aax", G i^. One can view each 
element a of A„ as a 'function' a — a{xi, . . . , Xn) in the non-commutative variables Xi. The 
K-algebra epimorphism 

A„ Afj/ (2^11 ) • • • ) -^i)^ ) K \_xi , . . . , , . . . , , . . . , Xji\ , 
a o,\xi^=o,...,xi^=o := a + {xij^, . . . ,Xii^), 

may be seen as the operation of taking value of the function a{xi, . . . ,x„) at the point 
= • ■ ■ = = where here and later the hat over a symbol means that it is missed. 
For each a G Bn, let |a| := ai + ■ • ■ + a„. The ring A„ = ©"=oA-n,i is a Z- graded ring 
{An^iAnj C A„,j+j- for all ij) where An,i ■= ®\a\=iKx''. The ideal m := ©j>iA„_j of A„ is 
called the augmentation ideal. Clearly, K ~ A„/m, m" = Kxi ■ ■ - Xn and m"+^ = 0. We 
say that an element a of i3„ is even (resp. odd) if the set a contains even (rcsp. odd) 
number of elements. By definition, the empty set is even. Let Z2 := Z/2Z = {0, 1}. The 
ring A„ = A„ q © A„ j is a 2,2- graded ring where A„ q := A'^ := (Bais evenKx^ is the subring 
of even elements of A„ and A^j := A^ := (Bais oddKx" is the A^'^-module of odd elements 
of A„. The ring A„ has the m-adic filtration {Tn*}i>o. The even subring A^ has the induced 
m-adic filtration {A^%j := A^^nm'}. The A^^-module A^ has the induced m-adic filtration 
{A^,% -A^'^nm^}.'" 
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The i^-linear map a ^— a from A„ to itself which is given by the rule 

ja, if a G A„ o, 
[-a, ifaGA^j, 

is a ring automorphism such that a = a for all a G A„. For all a G A„ and i = 1, . . . ,n, 

XiQ = axi and axi = xia. (1) 

So, each element Xi of A„ is a norma/ element, i.e. the two-sided ideal (xj) generated by the 
element Xi coincides with both left and right ideals generated by Xi. (xi) 

For an arbitrary Z-graded ring A = (Biez^i, an additive map 6 : A ^ A is called a left 
skew derivation if 

S{aiaj) = 6{ai)aj + (— l)*aj5(aj) for all aj G Ai, aj G Aj. (2) 

In this paper, a skew derivation means a left skew derivation. Clearly, 1 G ker(5) (5(1) = 
(5(1 ■ 1) = 25(1) and so 5(1) = 0). The restriction of the left skew derivation 6 to the even 
subring A'^" := ©jg2Z^i of A is an ordinary derivation. Recall that an additive subgroup 
i? of A is called a homogeneous subgroup ii B = (Bi^zB H A^. If the kernel ker(5) of 5 is a 
homogeneous additive subgroup of A then ker(5) is a subring of A, by ([2]). 
Definition. For the ring An{K), consider the set of left skew i^-derivations: 



■-^i • o ; • • • ; "-^n • n 

OXi OXn 

given by the rule di{xj) = Sij, the Kronecker delta. Informally, these skew i^-derivations 
will be called (left) partial skew derivatives. 

Example. di{xi ■ ■ - Xi - ■ ■ Xk) = (— l)*~^xi • • • Xi-iXj+i ■ ■ - Xk- 

The Taylor formula and its generalization. In this paper, c}i,...,9„ mean left 
partial skew derivatives (if it is not stated otherwise). Note that 

dl = ■ ■ ■ = d^ = Q and didj = —djdi for all i ^ j, 

and Ki := ker(9j) = K[xi, . . . , Xj, . . . , x„J . 

Lemma 2.1 (The Taylor Formula) For each a = Xlaee ^ ^n{K), 

a=J2 5"(«)(0)a;° 

where 9" := (9""(9°"7^ ■ ■ ■ d^^ , in the reverse order here and everywhere. 
Proof It is obvious since = 9" (a) mod m. □ 

The operation of taking value at in the Taylor Formula is rather 'annoying'. Later, 
we will give an 'improved' (more economical) version of the Taylor Formula without the 
operation of taking value at (Theorem 12. 3p . 
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Lemma 2.2 Recall that Ki := ker(5j) = K\_xi, . . . ,Xi, . . . ,x„J and An{K) = Ki® XiKi. 
Then 

1. for each i = 1, . . . ,n, the map 0j := 1 — Xidi : A„ — A„ is the projection onto Ki. 

2. The composition of the maps := ■ ■ - 01 : — A„ is the projection onto K 
in An = K Q) m. 

5. = (1 - Xndn){l - Xn-A-i) ■ ■ ■ {1 - Xidi) = EaeB„ ("1) '"'^^^^^ ^^crc x° := 
x"^ ■ ■ -x"" and := (9""9""7^ ■ ■ -9"^, m the reverse order. 

Proof. 1. By the very definition, 0j is a right fCj-module endomorphism of A„ with 
(pi{xi) = Xi — Xi = 0, hence 0j is the projection onto Ki since A„ = i^j © Xjii'j. 
2. This follows from statement 1 and the decomposition A„ = ©aee^-ft'x". 
3. 

= ^ {-!)'' Xi^di^Xi^di^ ■ 

ii>--->ik 
il>-->ik 

The next theorem gives a kind of the Taylor Formula which is more economical then 
the original Taylor Formula (no evaluation at 0). 

Theorem 2.3 For each a = J2aeBn '^a^°' ^ ^n{K), 

1- a = j:^^^y{d"{a))x". 

2- « = E.e^„ {Y.peBS-^)^^^^^d^d-ia))x-. 

Proof. 1. Note that (9"(a) = Oq, mod m, hence = 0(9°(a)), and so the result. 
2. This follows from statement 1 and Lemma [2. 2[ (3). □ 

The Grassmann ring An{K) = (BaeBn^°'^ is a free right i^'-module of rank 2". The 
ring Endx(A„) of right i^-module endomorphisms of A„ is canonically isomorphic to the 
ring {K) of all 2^ x 2" matrices with entries from K by taking the matrix of map with 
respect to the canonical basis {x°, a G of A^ as the right fC-module. We often identify 
these two rings. Let {Eai3 \a, jS E Bn} be the matrix units of M2n(-ft') = Q)a,i3£B„KEaf3 (i.e. 
Eap{x'^) = ^f3jX°')- One can identify the ring A„ with its isomorphic copy in Endi^(A„) via 
the ring monomorphism a ^ {x ^ ax). 

Theorem 2.4 Recall that := (1 — x„9„)(l — x„_i9„_i) ■ • ■ (1 — xi^i). Then 

1. for each a,P E Bn, Eap = x"09^. 

2. End^(A„) = QaeBrAnd" = ©aeB„'9"A„. 



' ' ^ik^ik ~ ^ ] ( 1) ( 1) -^h ' ' ' -^ik^h ' ' ' ^ik 

h>--->ik 

■■■di,= ^(-l)l"lx"9°. □ 

aeB„ 
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Proof. 1. Each element a = "^^^^ x'^a^ G A„, G -ft', can also be written as 
a = J2-yeBn '^'r-'^'^ ' have seen in the proof of Theorem 12.31 = 0(9'*' (a), hence 

x"09^(a) = x"a/3 which means that Eap = x°'(j)d^. 

2. Since di,...,dn are skew commuting skew derivations (i.e. didj = —djdi), the 
following equality is obvious 

Now, Endx(A„) = S := J2aeB„ ^nd" since i?Q,/3 = x^cpd^ G 5*. The sum 5 is a direct sum: 
suppose that ^ Uq,9" = for some elements G A,„ not all of which are equal to zero, 
we seek a contradiction. Let uphe a, nonzero element with = /3i + ■ ■ ■ + /3„ the least 
possible. Then = ^Ma9"(x^) = up, a contradiction. □ 

Let A be a ring. For a, 6 G A, {a, 6} := ab + ba is called the antz-committator of elements 
a and 6. 

Corollary 2.5 T/ie rmg' Endi^(A„) generated over K by elements Xi, . . . ,Xn, 
that satisfy the following defining relations: for all i,j, 

O rif . If* . If* . /-y* , 

di = 0, didj = -djdi, 
diXj + Xjdi = 6ij, the Kronecker delta. 

Proof. It is straightforward that these relations hold. Theorem 12.41 (2) implies that 
these relations are defining. □ 

By Corollary 12. 5[ we have the duality i^- automorphism of the ring Endx(A„): 

A : Xi^ di, di^ Xi, i = 1,. . .,n. 

Clearly, = id. Similarly, by Corollary 12. 5[ we have the duality i^-anti-automorphism of 
the ring EndA'(A„): 

V : Xih^ di, di^ Xi, i = 1,. . . ,n. 

Clearly, the anti-automorphism A is an involution, i.e. = id, V(a6) = V(6)V(a). 

We say that the element 2:=l-|-lG-ft'is regular if 2A = for some X E K implies 
A = 0. If contains a field then 2 is regular iff the characteristic of K is not 2. If is a 
commutative ring then the ring A„(i^) is non- commutative iff n > 2 and 2 7^ in i^. A 
commutative ring is called reduced if is the only nilpotent element of the ring. 

Lemma 2.6 // the ring K is commutative, 2 E K is regular, and n > 2, then the centre 
of An{K) is equal to 



A„ Q, if n is even, 

A„ Q © Kxi ■ ■ ■ Xn, if n is odd . 
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Proof. Since xi, . . . ,Xn are i^-algebra generators for A„, an element m G A„ is central 
iff it commutes with all Xj. Now, the result is obvious due to ([1]) and the fact that 
Xi ■ {xi - ■ ■ Xn) = 0, i > 1. □ 

Let A'^ p := (BKx" where a runs through all even subsets of i3„ distinct from {1,2, ... ,n}. 
So, A;^g C A„^o C Z(A„), and A'^^^ = A„ g iff n is odd. 

Let G := Aut/^(A„(_ft')) be the group of i^-automorphisms of the ring An{K). Each 
i^-automorphism a G G is a uniquely determined by the images of the canonical generators: 

x[ := cr(xi), ...,x'^:= 

Note that x[ . . . ,x'^ is another set of canonical generators for A„. 

Till the end of this section, let i? be a commutative ring. Consider the subgroup Ggr 
of G, elements of which preserve the Z-grading of A„: 

Ggr := {a G G I a(A„,i) = A„,i for alH G Z} = {a G G | (t(A„,i) = A„,i}. 

The last equality is due to the fact that the A„_i generates A„ over K. Clearly, a G Ggr 
iff cr = (Ta where cr^(xj) = '^^^idijXj for some A = (aij) G GLn{K). This can be 
written in the matrix form as cr(x) = Ax where x := {xi, . . . ,Xny is the vector-column 
of indeterminates. Since (J^ctb = ctba, the group Ggr is canonically isomorphic to the 
group GLn{Ky^ opposite to GLn{K) via the map GLn{K)°^ Ggr, At^ cta. We identify 
the group Ggr with GLn{K)"^ via this isomorphism. Note that GL„(K) GLn{K)°P, 
A A~^, is the isomorphism of groups. One can write 

Ggr = {aA\AeGLn{K)}. 

From this moment and till the end of this section, K is a reduced commutative ring (if 
it is not stated otherwise). For a E G, let x'^ := Then xf = cr{x^) = cr(0) = 0. If 

Xi = x[ mod m for some Xi E K then = 0, hence Aj = since K is reduced. Therefore, 
(T(m) = m, and so 

a{m') = m' for all i > 1. (3) 

This proves the next lemma. 

Lemma 2.7 If K is a reduced commutative ring and a E G then cr(x) = Ax + b for some 
A G GLn(K) and b := . . . , where all 6j G m^. 

Consider the following subgroup of G, 

U:={aeG\ a{x) = x + b for some b G (m^)^"} = {a eG\{a- l)(m) C m^}. 

For each a G G written as a{x) = Ax + b and each t & U, we have ctcta-i, cr^-io" G U, and 
ara^^ G U. These mean that [/ is a normal subgroup of G such that 

G = GgrU = UGgr, GgrHU = {e}. (4) 
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Therefore, G is a skew product of the groups Ggr and U: 

G = Ggr^U = GLn{Kyp X [/ ^ GLn{K) X U. (5) 

For each i >2, consider the subgroup W of U: 

U' := {a eU\{a -l){m) Cm'}. (6) 

By the very definition, f/ = f/^ d f/^ d ■ ■ ■ d [/" d ?7"+i = {e}. Note that a e U' iff, for 
all j, cr{xj) = Xj + nij for some nij G m*. Recall that cr(m*) = m* for all a G G and i > I 
(since K is a reduced commutative ring). For any r G G, a G U\ and Xj, 

TaT^^(xj) = r(l + a — l)T^'^{xj) = rr^^(xj) = Xj mod m*. 

Hence, each f/* is a normal subgroup of G. Each factor group UyU'~^^ is abelian: Let 
0", r G U\ cr{xj) = Xj + Uj + ■ ■ ■ and T{xj) = Xj + bj + ■ ■ ■ for some elements aj, bj G A„^j 
and three dots denote elements of m*"*"^. Then aT{xj) = Xj + aj + bj + ■ ■ ■ and Ta{xj) = 
Xj + bj + Oj + ■ ■ ■ . Therefore, arU"^^^ = raW^^, and f/ is a nilpotent group. 

Let K"^ be the direct sum of n copies of the additive group {K, +). Let 9 := Xi- ■ -Xn- 
The map 

K"^f/", A = (Ai,...,A„)^((7A:x,^x, + A,e), (7) 

is an isomorphism of groups (o"a+^ = (^xO'fi)- This follows directly from the fact that 
m6 = 9m = 0. So, U" = {a\ \ A G K^}. One can easily verify that for any a e G with 

a{x) = Ax + b, A = (ttij) G GLn{K), 



o ^o'xa = (J AX . 

dct(A) 



Indeed, 



cr ^axa{xi) = craxC^ aijXj + bi) = a aijXj + + ^ Oij-^i^) 

j=i j=i j=i 

n ttj-A- 

a-Ha(xi) + J^a^jAj^) = + ^J^^]^^- 



The equality describes completely the group structure of Auti^(A2) (where K is a 
reduced commutative ring since U = f/^): 

(9) 

An element a(xi, . . . , Xn) = A + ■ ■ ■ G A„ is a unit iff a(0, . . . , 0) = A G ii' is a unit. For 
each unit a G A„, the map uja{x) '■= axa~^ is called the inner automorphism of A„. Since 
^a{.Xi) = (A + ■ ■ ■ )a;(A + ■ ■ ■ = AxjA~^ + ■ ■ ■ = Xi + ■ ■ ■ we have Ua G U, i.e. the group 
Inn(A„) of all the inner automorphisms of A„ is a subgroup of U, 

Inn(A„) C U. (10) 
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Let us denote the automorphism a i— a of A„ by s. Recall that A„q = {a G A„ | s(a) = a} 
and A„ Y = {a G A„ | s{a) = —a}. Consider the subgroup Gz2-gr of G elements of which 
respect Z2-grading on A„: 

Gz2-gr ■■= {a eG\ cr(A„o) = A„_o, a(A„j) = A„y}. 

Clearly, 

Gza-gr = {a E G\as = sa}. (11) 

Then 

T ■.= Un Gz^-gr = {a eU\(rs = sa} = {(J eU\ cr{xi) G A„ j, 1 < i < n} (12) 

is the subgroup of U (the last equality follows easily from the fact that the set A„ y generates 
the K-algebra A„ and that A„ = A„ q © A„ y is a Z2-graded i^-algebra) . So, a G F iff, for 
each i = 1, . . . ,n, 

O'iXi) = Xi + ai^3 + Oj^s + ■ ■ ■ + ai 2j+l + ■ ■ ■ , Cli^2j+1 ^ ^n,2j+l, (13) 

all summands are odd. Note that for arbitrary commutative ring K (not necessarily re- 
duced) the set of automorphisms a from (fT3|) is a group F. Clearly, GLn{K)°P C G^^-gr 
and GL„(ir)°P n F = {e} since GL„(Js:)°p n f/ = {e} and F C [/. The group F (over an 
arbitrary commutative ring K) can be defined as 

r = {a G G I a{xi) - G A„j n m^, i > 1}. (14) 

The group F is endowed with the descending chain of its normal subgroups 

r = F^ D F^ D ■ ■ ■ D F^ := F n f/* 3 ■ ■ ■ 3 F" D F"+^ = {e}. 

Since F* = {a G F | (y{xj) — Xj G ^°n>ii J = 1; • • • ; "^j) it is obvious that 

Recall that [x, := xy — yx is the commutator of elements x and y, and a;^ : 1 1-^ is 
an inner automorphism. 

Lemma 2.8 Let K be a commutative ring. 

1. For each a G = 0. 

2. [A°^ A„] C A- C Z(A„) and [A°^ [A°^ AJ] = 0. 

3. For each a G A'^ and x G A„, c<Ji+a(x) = x + [a, x] . 

^. For eac/i a,b e J\°^ , Ui+aOJi+b = cui+a+b = t^i+;,t^i+a a?^^ tuf^^^ = Ui-a- 

5. The map uj : A""' —^U,a^ ^i+a, is a homomorphism of groups. It is a monomor- 
phism if n is even and has the kernel ker(u;) = Kxi ■ ■ ■ Xn if n is odd. 
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6. For each a G A„, aa = aa = Og where a = oq + cti, ao G A""^, oi G A^^, a := Oq — cti- 

Proof. 1. For a G A"'^, a = Yl^aX" where a runs through non-empty odd subsets of 
the set {1, . . . , n}. For any two such subsets a and /3, x^a;^ = — x'^x" and (a;°)^ = 0. Now, 

2. [A""', A„] = [A""', A°^ + Z(A„)] C [A""', A"'^] C A^'' C Z(A„). Then the second equahty 
is obvious. 

3. It suffices to prove the equahty for monomials x = x". If is even, hence central, 
the equality is obvious. If x" is odd then 

cji+a(x°) = (l + a)x"(l + a)-i 

= (1 + a)x"(l — a) (by statement 1) 

= x"* + [a, x°] - ax"a = x° + [a, x"] + a^x" 

= x" + [a, x°] (by statement 1). 

4. For each a, 6 G A°^ and x G A„, 

to'i+aCo'i+b(x) = X + [a + 6, x] + [a, [6, x]] = x + [a + b, x] (by statement 2) 

= UJl+a+b{x) = UJi+b+a{x) = U^i+fet^i+a (x) . 

uJi_l^ = c<j(i_|_a)-i = uji^a since = (statement 1). 

5. By statement 4, the map is a group homomorphism. By statement 3, an element 
a G A"'^ belongs to the kernel iff [a, Xj] = for all i iff a G Z{An) = A™ + Kxi ■ ■ ■ x„. Now, 
the result is obvious since a is odd. 

6. aa = a^ — a\ = a^ and aa = ao — a\ = since a\ = 0, by statement 1. □ 
Let Q be the image of the group homomorphism uj in Lemma [2.81 (5). 

1] := im(a;) = I a G A"'^}. (15) 

Lemma 2.9 Let K be a commutative ring. Then Q = Inn(A„). In particular, the group 
Inn(A„) of inner automorphisms of the Grassmann algebra A„(i^) is an abelian group. 

Proof. Let u be a unit of A„. Then m = A + a + 6 for some 7^ A G -ft', an odd element 
a G m, and an even element 6 G m. Note that A + 6 is a central element and that the 
element a' := G m is odd. Now, oju = t^(A+6)(i+a') = ^\+b^i+a' = ^i+a' G ^- Therefore, 
Vt = Inn(A„). □ 

So, is a normal abelian subgroup of G. Since Q = Inn(A„) C U, by (fTOj) . the group 
Q is endowed with the induced filtration 

Q = Q'^^Q^D---^Q':=QnW^---D Q""-^ D fi" = {e}. 

Note that il = D = D = D ■ ■ ■ D n^i+i ^ Q2i+2 3 . . . ^ gy Lemma [M(5), 
the group Q is canonically isomorphic to the factor group / fl Kxi ■ ■ ■ x„. Under 
this isomorphism the filtration {i^*} coincides with the filtration on / fl Kxi ■ ■ - Xn 
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shifted by —1 that is the induced filtration from the m-adic fihration of the ring A„, i.e. 
^]2m ^ 1^^^^ I a G A^^ n m2™-i},m > 1. Note that (Lemma [211(3)) 



ciJi+a(xj) — Xi = [a,Xi\ G for all a G A° and i. (16) 

Generators for and dimension of the algebraic group U. Define the function 
d.^ev : N ^ {0, 1} by the rule 

1, if n is even, 
0, if n is odd. 

For each n > 2, [|] — 6n,ev (resp. [|]) is the number of odd (resp. even) numbers m such 
that 2 < m < n. 

Theorem 2.10 Let K be a commutative ring in statement 2, and let K he a reduced 
commutative ring with ^ E K in statements 1, 3, and 4- Let A„ = An{K), U = f/(A„), 
and n > 2. Then 

1. the associated graded group nj>2 ^V^*"*^^ ^■^ isomorphic to the direct product of dn 

copies of the additive group K where dn = n Yl^^mLi"'"" {,2m+i} + Xllnii (2m-i) ■ 
more detail, 

2. for each m = 1, . . . , [^] — 5n,ev, the map 

(A„,2™+i)" ^ f/2-+7f/2-+2^ a = [a,, . . . , a„) ^ a,f/2"+^ 
is a group isomorphism where (Ja G f/2™+i ■ h-^ Xi + ai; 

3. for each m = 1, . . . , [|], the map 

is a group isomorphism where cui+a G f/^"^ is the inner automorphism of An '■ x ^ 
il + a)x{l + a)~^ . 



4- All the elements aa and cji+fc from statements 2 and 3 are generators for the 



group 



U. 



Proof. 1 . The first statement follows directly from statements 2 and 3 since A„ ~ M 
for alH = 0, 1, . . . , ra. 

4. This statement follows from statements 1-3. 

2. One can easily see that G ^^m+i f^^, ^^-^ ^ ^ (A„^2m+i)"; and aaCThU'^'^^'^ = 
aa+bU"^^^"^ for any a and h. By the very definition, the map a ^ aaU"^"^^"^ is an injection. 
It suffices to show that it is a surjection. Let a be an arbitrary element of f/2"^+i. Then 
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cr(xi) = Xi + tti + ■ ■ ■ for some Oj G A„^2m+i where the the dots mean bigger terms with 
respect to the Z-grading on A„. Then 

a-a<y{Xi) = a_a{Xi + H ) = Xi - tti + tti -\ = Xi-\ , 

hence a_a(T G f/2™+2^ i.e. cr?/^™^^ = (7af/^'^+^, and we are done. 

3. Clearly, tui+a G f/^*" since Ui+a{xi) = Xi + [a,Xi] (Lemma l2.8[ (3)). By Lemma [2781 (5). 
the map a ^ cji+af/^™'*'^ is a group homomorphism. By the very definition, this map is 
injective. It suffices to show that it is surjective. This will be done in the next lemma in 
the proof of which an algorithm is given of how, for a given element a of f/2niy'^2m+i^ 
find an element a G A„ 2m-i such that a = cui+af/^™"*"^. 

Lemma 2.11 We keep the assumptions of Theorem \2. 1(A (3). For eachm = 1, . . . , [|], and 
each cr g U^"^ , there exist elements q+i G K[xi-^i, . . . ,Xn\2m-i, i = I, ■ ■ ■ ,2m, such that 
ua G f/^'^+i where u := uJi+^,...^,^^,c,^^,uJi+.,...^,^_,c2^ ■ ■ ■ ^I+^,....,_,c.+, " ■ ■ c^i+.^ea^r+c^ • 

Remark. If n = 2m then C2m+i G K. 

Proof. Since each element homogeneous element of A„ of degree 

i — 1 + 2m — i = 2m — 1, each automorphism uJi+xi-xi-ia+i belongs to the group f/^"^, and 
so does their product u. For each i = 1, . . . , ra, let x- := cr^Xi) = Xi + ai + ■ ■ ■ for some 
ctj G A„^2m- We prove the lemma in several steps. 

Step 1. For each i = 1, . . . ,n, = x-ibi for some element bi G K[xi, . . . ,Xi, . . . , x„j2m-i- 
Note that each element G A„ 2m ^ Z{An) is central. Then xf = cr(x^) = 0, and so 

= xf = {xi + ai + ■ ■ ■ Y = 2xiai + ■ ■ ■ 

hence XjOi = since ^ E K; and so aj = Xjfej for some element bi E K[xi, . . . ,Xi, . . . , Xn\2m-i- 
Step 2. Let us prove that for each pair i ^ j, 

&i|xj=o = bj\x.=Q. (17) 

By Step 1, x'i = Xj(l + 6j) + ■ ■ ■ for all i. Since 6j, bj G A„^2m-i and 2m — 1>2 — 1>1, we 
see that the homogeneous elements bi — bj and bibj have distinct degrees (if the elements 
are nonzero). Computing separately both sides of the equality x'ix'j = —x'jx'i we have 

x'ix'j = {xi{l + bi) -\ ){xj{l + bj) -\ ) = XiXj{l -bi + bj) -\ , 

—x'jx'j = —XjXi{l — bj + bi) + ■ ■ ■ = XiXj{l + bi — bj) + ■ ■ ■ . 

Since the degree of the elements bi — bj is 2m — 1>2 — 1>1 and | G we must have 

XiXj{k-b,) = 0. (18) 

This equality is equivalent to the equality 6j|^.=o,a;j=o = &jUi=o,a;j=o which is obviously 
equivalent to (fTTll (since each bk does not depend on Xk, by Step 1). 
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Step 3. We are going to prove that one can choose elements q+i G i^Lxj+i, . . . , Xn\2m-i, 
2 = 1,..., 2m, such that for each 2 = 1,..., 2m, 

^r+^,...^,_,c,+i • • • ^r+xic3^r+c2 (^i) = "^^^ m2™+\ j = i, . . . , i. (19) 

We use induction on i. Briefly, (fT9!) will follow from (fT7|) . Note that hi G -ft'[x2, . . . , x„j2m-i- 
Then C2 := G -ft'[x2, . . . ,x„j2m-i, and 

x\ = xi + xihi H = xi- hiXi H = Xi + [-^^i; ^^i] H = ^^i+czla^i) H , 

hence = ^1 ^o*^ m^'""''"'^. 

Changing a to cj^f^^^^^cr, one can assume that x\ = Xi + ■ ■ ■ , i.e. bi = 0. Applying 
(fT7|) in the case j = I and i > 2, we have 6i|a;i=o = 0, hence 6j = — 2xiCj+i for unique 

Cj+i G ^^[^2, ...Xi,.. . ,X„j2m-2 ^ ^(A„). NoW, 

X'2 = X2+ X2(-2XiC3) H = X2 + [XiCs,X2] H = UJl+xiC3{x2) H , 

hence uji^^_^^^{x2) = X2 + ■ ■ ■ . Note that i^r+^^^cal^'i) = Xi + ■ ■ ■ since 

u;i+2;ic3(a;'i) = c^i+xic3(a;i) H = Xi + [xiC3,Xi] H = Xi H . 

This proves (ITQll for i = 2. 

Let 2 > 3, and suppose that we have found already elements c^+i G . . . Xn\2m-k, 

k = that satisfy (|T9l) . We have to find q+2- Changing, if necessary, a for 



^i+xi...x,_ic,+i ■ ■ ■ ^i+xiC3^i+c2^ one can assume that 4 = + ■ ■ ■ for = 1, . . . , i.e. 



l—Xi-lCi + l ' ' ' ^1 + 1 

for fc = l,...,i. By 



bi+i\xk=o — bk\xi+i=o — 0, k — 1, . . . ,i, 
hence = —2xi ■ ■ ■XjCj+2 for a unique element Ci+2 G -ft'[a;j+2, . . . ,Xn\2m-i-i- Now, 

= Xi+i + 2xi ■ ■ ■ XjCj+2) + ■ ■ ■ = + [xi ■ ■ ■ XjCi+2, Xj+i] + ■ ■ ■ 

= ^l+xi-XiCi+ii^i+l) + ■ ■ ■ ! 



hence ^i+^^.-.^.c^+ala^i+i) = a^.+i + ■ ■ ■ ■ Note that = + 



smce 



l+x-i...x,c,+2 (x'k) = ^l+x^■■■x,c,+2 {Xk + ---) =Xk + [xi--- XiCi+2, Xfc] + ■ ■ ■ = Xfc + ■ ■ • . 

So, f[T^ holds for i + 1. By induction, flTIJl) holds for alH = 1, . . . , 2m. In particular, it 
does for i = 2m. Then changing, if necessary, a for ^llx^■■■x2„^-lC2„^+^ ' " " ^r+xiC3^r+c2^ o^e 
can assume that = + ■ ■ ■ for k = 1, . . . , 2m, i.e. &fe = for k = 1, . . . , 2m. Note that 
in order to prove Lemma [2]TT1 we have to show that bk = for k = 1, . . . ,n. If n = 2m we 
are done. If n > 2m then by (1171) for each i > 2m and j = 1, . . . , 2m: bi\xj=o = &jUi=o = 0. 
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Hence, bi G (xi ■ ■ ■X2m), but bi E A„_2m-i, therefore bi = 0. This proves Lemma [2.111 and 
Theorem □ 

In Step 3, it was, in fact, proved that the conditions ( fT9l) uniquely determines the 
elements C2, . . . , C2m+i (the idea of finding the elements q is to kill the 'leading term', this 
determines uniquely q by the expression given in the proof above). So, Lemma [2.111 can 
be strengthened as follows. 

Corollary 2.12 The elements C2,...,C2m+i from Lemma \2.11\ are unique provided / fT^) 
holds for all 1 < j < i < 2m. 

Proof. This fact also follows at once from Lemma [2.8! and Theorem 18.11 (1). □ 

Corollary 2.13 Let K be a reduced commutative ring with \ E K , and a E U. Then 
a is a (unique) product a = ■ ■ ■ ui+a^o'b^i^i+aaO'bsi^i+ai for unique elements ai G An,i and 
bj = {b,i, . . . ,b,n) & K,r 

By Corollary 12.131 the coefficients of the elements ...,05,65,03,63,01 are coordinate 
functions for the algebraic group U over K. Therefore, the i^'-algebra of (regular) functions 
of the algebraic group ?7 is a polynomial algebra over K in dn variables where dn is defined 
in Theorem 12.101 

It follows from Corollary 12.13! that 

u' = 9.' ^ r, i > 2. (20) 

The group structure of G := Aut/^(A„(_ft')). 
Theorem 2.14 Let K be a reduced commutative ring with ^ E K. Then 

1. The group U = Vt y\ T is the semi-direct product of its subgroups (12 is a normal 
subgroup ofU, i7 fl F = {e}, and U = QT). 

2. G = U ^ Qhn{K)"P (U IS a normal subgroup of U , U GhniKf^ = {e}, and 
G = UGKiKyp). 

3. G = ((] X r) X Qhn{Kyp. 

Proof 1. By ([H]) and (USD, f2 n r = {e}. For any 7 G L and uJi+a e ^ (resp. 

LOi+a en' ■.= nnu\ i> 2) 

'juji+al'^ = t^7(i+a) e (resp. 7u;i+a7~^ = ^7(i+a) e ^\ i > 2), (21) 

since FA"'^ C A'^ and 1 + a G A'^ (resp. and Fm* C m\ i > 1). So, in order to finish the 
proof of statement 1 it is enough to show that U = TQ. This equality follows from Lemma 
UMand ([21]). 

2. See p. 

3. This follows from statements 1 and 2. □ 
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Let B = Bn he the set of all the n-tuples (columns) b = (61, ... , where all bi are 
arbitrary odd elements of A„ of the form bi = Xi + ■ ■ ■ , . . . , 6„ = x„ + ■ ■ ■ where the three 
dots mean bigger terms. Then 

T = {-fb\b e B, jb{xi) = bi, i = l,...,n} 

and the map i? ^ F, 6 i-^ 7^ is a bijection. The product of two elements 7^, 7c G F is given 
by the rule 

7b7c = Icob 

where cob is the composition of functions; namely, the z'th coordinate {cob)i of the n-tuple 
c o 6 is equal to q (61, ... , bn) where Ci = Ci{xi, . . . , x„) (we have substituted elements bi for 
Xi in the function q = Cj(xi, . . . , x^)). 

By Theorem 12.141 each element a of the group G = QrGLn{K)°^ is the unique product 

a = LUi+albCTA, uJi+a G fi, 76 G F, A G GLn{KyP. (22) 

The product of two elements of G is given by the rule 

i^l+albO'A ■ ^l+a'1b'(^A' = ^^l+a+7f,o-A(a') 1 u A{b' )ob A' A (23) 

where (7^(6') := (0-^(6;), . . . , a^(6'J)* and a^(6') o b := (aA(6'i) 06,..., a^(6'J o 6). This 
formula shows that the most sophisticated part of the group G is the group F. To prove 
( 123|1 . note first that aAlb'Ci^ = lA-^aA{b')i then 

l^l+a760"A ■ ^l+a'lb'(^A' = t^l+a " IbO' A^^l+a' {ibO- a)'^ " 76 " 0-A76'0"a^ ' AO' A' 

= t^l+at^l+75CTA(a') ■ 7f'7A-itTA(6') ' ^^A'A 
= t^l+a+760-A(a') lA-'^cTA{b')obC'A'A- 

We know how to find inverse elements for the group f2 (tOi^a — ^i-a) and for the group 
GLn{K)°P (cr^^ = cr^-i). The inversion formula for elements 7b of the group F is given 
explicitly by Theorem 13.11 So, one can find explicitly an element b' such that 7^^ = 7^/ 
by applying Theorem l3.lt b'- := -y^^{xi). Now, one can write down the explicit formula for 
the inverse of any element a = uJi+albO'A G G, 

{uJi+alb(^ a)~^ = t^l-a^_i7,,(a)7A<7^_i(6') A-^ ■ (24) 

In more detail, by ([23]), (uJi+albcrAy^ = o-^-i7b't^i-a = 7,,(a)7Aa^„i(b') 
Corollary 2.15 Let K be a reduced commutative ring with j E K. Then 

1. G^,.gr = r X GL„(ir)°P. 

2. G = Vt "A Gl^^—gr- 
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3. Out(A„) ~ Gz.,-gr- 

Proof. By ((231), G' := TGLn{Kyp = T x GL„(ir)°P is the subgroup of G such that 
G = ny<G' (Theorem EUD and G' C Gz^-gr- By (HE]), Gz^-prnl] = {e}, hence Gz^-gr = G' 
and G = Q>iG' = Q>i Gza-gr- Then Out(A„) ~ i7 x Gz-i-gr/^ — Gz2-gr- □ 

Let i^' be a commutative ring. Consider the sets of even and odd automorphisms of A„: 

:= {aeG\a{x,)eK,i + K:M. 

:= {aeG'|a(a:,)GA„,i + A°^V^}. 

One can easily verify that G°'^ is a subgroup of G. It is not obvious from the outset that 
G^'" is also a subgroup of G. 

Lemma 2.16 Let K he a reduced commutative ring with ^ & K. Then 

1. G"'' = Gz,-gr = r X GLniKyP. 

2. G^"" = Vl^ GhniKyp. 

3. G"'^ n G^"" = GLniKyp. 
^ G = G"'^G^^ = G'^^G"'^ 

Proof. 3. G"^ n G^^ = {a G G I a^x,) G A„,i, V^} = GL„(fs:)"P. 

4. This follows from statements 1 and 2 since G = QrGLn{K)°P (Theorem I2.14p . 

1 and 2. Recall that Gz,-gr = TGLn{K)°P (Corollary EIS!) and G = nTGLn{KyP = 
nGz^-gr (Theorem EUD . Clearly, Gz^-gr ^ G"'^ and n G"'^ = {e}, it follows that 

G°'^ = (G""' n Vl)Gz2~gr = Gz2~gr- 

Similarly, nGL„(ir)°P C G"^ and T n G^^ = {e} give the equality ^]GL„(ir)°P = G"^: 

G^^ = n{T n G^^)GL„(ir)°p = nGLniKyp. □ 

Example. For n = 2, G2 = f22GL2(-ft')"^ = {cji+acr^ | a = XiXi + X2X2,Xi E K,A E 
GL„(i^)}. The group is canonically isomorphic to K via uJi^x-^xi+\2X2 ^A:=(Ai,A2)*. 
Then G2 ~ K^GL2{Kyp = {{\, A) \ \ e , A e GL2(i^)} and 

{X,A)-{X',A') = {X + A'X',A'A) and (A, A)"^ = (-(A*)-iA, A-^). 

Example. For n = 3, G3 = fi3r3GL3(JC)°P. The group f23 is canonically isomorphic 
to via i^i+Aixi+A2X2+A3X3 ^— > A := (Ai,A2,A3)*. Similarly, the group r3 is canonically 
isomorphic to via 7^ = 7(xi+Mi^?,^2+M2e,x3+M3e) ^ 1^ = {fxi, ^2, l^sY where 9 := X1X2X3. 
Then G3 ~ ir3K3GL3(K)°P = {(A,/i, A) | A,/i G K^, A G GL3(K)} and 

{X, fi, A) ■ {X' , fi' , A') = (A + A*A',/i + det(A)A-V',^'^), 
{X,fi,A)-^ = {-{Ay^X,-det{A-^) ■ Afi,A-^). 

For n = 2, 3, the group U := Un = ^n^n is abelian: U2 = ^2 — and f/3 = fi3r3 = 
^3^71 ~ X . The next result shows that these are the only cases where U is an 
abelian group. 

Maximal abelian subgroups of U . 
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Theorem 2.17 Let K be a reduced commutative ring with ^ & K. Then 

1. The group Q is a maximal abelian subgroup of U if n is even (Q 3 U"^). 

2. The group QU^ = Q x is a maximal abelian subgroup of U if n is odd (T2 fl f/" = 
{e})- 

Proof Recall that fl is an abelian subgroup of U (Theorem 12. 8[ (5)) and that U = flT{= 
f2 XI r) is the semidirect product of the groups Q and T (Theorem 12. 141 (1) ) . Suppose that 
fl' is an abelian subgroup of U such that Q C Q'. Then Q' = Q{r fl Q'). Each element 
7fe G r n fi' must commute with all the elements of fl: Ui+a1b = Ib^^i+a = "^1+76(0)76 for all 
a iff co'i+^j^(a)-a = e iff [7fe(a) — a,x] = for all x G A„ (since uji+a'{x) = x + [a', x], Lemma 
12.81 (3)) iff 7f,(a) — a G Z(A„), the centre of A„, iff 7f,(a) = a for all a if n is even; and 
7fe(a) — a G Kxi ■ ■ ■ a;„ if is odd, iff 7^ = e if is even; and 7^ G f/" if n is odd. Since the 
group f/" is abelian and all elements of fl commute with elements of ?7" if n is odd, the 
result follows. □ 



3 The group F, its subgroups, and the Inversion For- 
mula 

In this section, the inversion formula (Theorem 13.11) is given for any automorphism a G 
TGLn{KyP; the groups T^^-gr, s > 2, are found (Lemma 13.61) : minimal sets of generators 
are given for the groups F and U (Theorem 13. lip and the commutator series are found for 
them; several important subgroups are introduced: $, $(i), Sn,i, ^^j, S'^i- 

The Jacobian and the inversion formula for automorphism. Let i^' be a commu- 
tative ring and di := . . . , 9„ := be the left skew partial derivatives for A„. For each 

automorphism cr G FGL„(i^)°^, the matrix of left skew partial derivatives |^ := (^^^) is 
called the Jacobian matrix for the automorphism a. Note that the entries of the Jacobian 
matrix are even elements, hence central elements. The determinant J^{(j) := det(^^^) is 
called the Jacobian of a. One can easily verify that the ^ chain rule'' holds for automor- 
phisms cr,r G TGLniKyP-. 

^ ^.dr _ da 
dx dx dx 

where cr(|^) := (c(^^^)). By taking the determinant of both sides we have the equality 



Then, for each a G FGL„(ir)°P, 



Jiar) =(r{J{T))J{a). (26) 



J{a-') = a-\j{a)-'). (27) 



Let a G FGL„(i^')°^ and x'^ := (t(xi), . . . , := 0"(x„). The elements x'^, . . . , x^ are 

rfi^ ly^ nf*^ ^W(\ Of^'^ 



another set of canonical generators for A„: and xf = 0. The corresponding 
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left skew derivations d'l := 



& 



are equal to 



det 



■dajxi) 
dxi 



d 
dxi 



d<j{x„) 
dxi 



dcr{xi 



a 

dXrr, 



d<j{Xn) I 
dXm / 



where we 'drop' a{xi) in the determinant J^{(j) := det(^^^). 



For each i 



1, . . . ,n, let 



Ar. 



(2J 



(29) 



and (the order is important) 

0. := ■ ■ ■ 0'i = (1 - <5;)(i - <_ia;_i) ■ ■ • (i - x[d[) ■. k - An. (so) 

The next theorem gives the inversion formula for automorphisms of the group rGL„(i^')°^. 



Theorem 3.1 (The Inversion Formula) Let K he a commutative ring, a G rGLn{K)°^ 
and a G A„(i^). Then 

a-\a) = J2 Md"'ia))x" 

where := x"^ ■ ■ ■ x^" and d"^ := d'^" ■ ■ ■ d'^^ . 

Proof. By Theorem [231(1), a = J^aeB^ Md'"{a))x"' where x'" := x'"' ■ --x'^". Apply- 
ing a^^ we have the result 

a-\a) = J2 Md""ia))a-\x"') = ^ 0<,(9'"(a))x". □ 

The abelian groups of units En and E'^. Let if be a commutative ring and En be 
the group of units of the commutative algebra h.^ . So, En = K* + A^''>2 where K* is the 

group of units of the ring K and A^%2 •= ^ = ©m=iAn,2m- There is the natural 
descending chain of subgroups of En determined by the m-adic filtration of the Grassmann 
algebra A„: 

En = En,2 3 -E'n,4 D " " " D ^ -E'n,[f ]+2 = K* (31) 

where En,2m := if* + m^" n A- = if * + ^S!^„ A„,2^. 

Each element e G i?„ is a unique sum e = A + e+ for some A G K* and e+ G fl A^. 
The map 

V : En 2Z, e t)(e) = max{2m | G En,2m}, 
satisfies the following properties: for e, / G En, 
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1. v{ef) > mm{v{e),v{f)}, 

2. vie"^) = v{e). 

The group En = K*E'^ = K* x E'^ is the direct product of its subgroups K* and 
:= 1 + A^^>2 {En = and if* n K = {I})- The chain (EI]) induces the chain of 

subgroups in E'^: 

E'n = E'n,2 ^ K,4 3 ■ ■ ■ 3 ^ -E'n,[f]+2 = {1} (32) 

where 2m ■= KnE„,2m = l+m^'^nA^'' = 1 + ^n,2i- If if is a reduced commutative 
ring then, by ([3]), 

0'(^n,2m) = En,2m and Ct(£^^ 2m) = K,2m ^^T all CT G Gz^-gr, m > 1. (33) 

It follows that (where K is reduced) 

v{a{e)) = v{e) for all e G i?„, cr G Gz2-gr- (34) 
Lemma 3.2 Le^ K be a commutative ring. Then 

1. each element a & T is a (unique) product a = ■ ■ ■ ab-^abr^Cb^, for unique elements 
hi = {bii, . . ., bi„) G j (see Corollaru {2.13\) . 

2. The elements {7i,Aa:« |l<'i<'n., AGif, aG i3„,3 < \a\ is odd} are generators for 
the group V where 7j,Ax"(a;i) := Xj + Ax" and ■Ji^xx'^ixj) := Xj for i ^ j. 

Proof. 1. This follows from Theorem 12. 101 (2). 

2. This statement follows from statement 1 and Theorem 12. 101 (2) . □ 
The dimension of the algebraic group F. Let if be a commutative ring and 
A„ = A„(if ). A typical element of F is an automorphism xi ^ Xi + ai, . . . , Xn ^ Xn + 
where all Oj G A'^y^. The group F is a unipotent algebraic group over K where the 
coefficients of the elements a, are the affine coordinates for the algebraic group F over 
K, and the algebra of (regular) functions 0{r) of the algebraic group F is a polynomial 
algebra in 

dim(F) = ri(2"~i - n) (35) 

variables since 

dim(F) = TkKiiK^r) = n ^ 1) = ^^S] (2^ + 1) " = ""^^^'^ " 

i=l ^ ' i=0 ^ ' 

If if is a field then dim(F) is the usual dimension of the algebraic group F. 
A noncommutative analogue of the Taylor expansion. 
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Theorem 3.3 (An analogue of the Taylor expansion^ Let K be a commutative ring, f = 
f{xi, . . . ,Xn) = Yl^°'^a ^ A„ where the coefficients & K of f are written on the right, 
and a eT. Let x\ := a{x\) = xi + ai, . . . , := cr(x„) = x„ + a„ where ai, . . . , a„ are odd 
elements o/m^. Then 

{a{f)){xu ...,Xn) = f{xi + an,...,Xn + an)= ^ 

where a" := a"^ ■ ■ ■ a°" and d°' = 9^" ■ ■ ■ (9°^, di := ^ are the left partial skew derivatives 
ofAn- 

Proof. It suffices to prove the statement for f = xi - ■ ■ XmX where X E K. Then 
cr(/) = {xi + ai)---{xm + am)X= ^ Xi- ■ -Qi^- ■ -Qi^- ■ -ai^ ■ ■ -XmX 

h<--<ia 

il<--<is aeBn 

The groups T{s) and Q{s). The next Lemma introduces subgroups determined by 
even subgroups of Z (the subgroups of type 2mZ). 

Lemma 3.4 Let K be a commutative ring and A„ = An{K). 

1. For each even number s = 2, 4, . . . , 2[|], the subset ofT, T(s) := {a E T\a{xi) E 
Xi + J2j>i ^n,i+js for all i} is a subgroup ofT. 

2. If s\s' (s divides s' ) then T{s') C T{s). 

Proof. 1. It is easy to see that the set r(s) is closed under multiplication and that it 
contains the identity. The fact that the set r(s) is closed under the operation of taking 
inverse is a consequence of repeated use of Theorem 13 .Si Let a E r(s) and x[ := a{xi) = 
Xi — ai for some odd element E Ylij>i^n,i+js- Now, 

Xi = X,j^ -\- Oil {X\ , • • • , X^i) = Xj -|- Cij (X-j^ -|- CL\ (x) , • • • , X^ -|- CL^ (x) ) 

= X- + ai(xi, . . . ,x^) + ^ a°(x)9"(aj)(x') 

= x- + ai(x')+ ^ a"(x'i + ai(x), . . . , x^ + a„(x))(9°(aj)(x') 

= x[ + a,{x')+ J2 a"(x')5°(a,)(x')+ Yl ( Yl 

' ' ' ; 

keep going making substitutions Xj = x - + aj and then using Theorem 13.31 we get the result 
(in no more than [^] + 1 steps). 
2. This is obvious. □ 
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Lemma 3.5 Let K be a commutative ring, and s = 2, 4, . . . , 2[|]. Then 

1. each element a G r(s) is a (unique) product s = • ■ ■ cr6i+3^cr6i+2s^fei+s fof^ unique 
elements hi = (bii, . . . ,bi^n) ^ ^ni (^^^ Lemma WT^) . 

2. The elements {7j,Az" | 1 < i < Ti, A G K* , a & Bn such that a G 1 + sN} are generators 
for the group T{s) (see Lemma \3.2\} . 

Proof. These statements follow from Lemma 13. 2[ □ 
For each odd number s such that 1 < s < n, the set 

n{s) := {uJi+a I a e ^ An,js} = Wl+a \aE ^ An,js} (36) 
jr > 1 1 < J is odd 

is a subgroup of Q (Lemma 12.81 (4)). Note that f^(l) = ^ and Q{n) = {e}. 

The groups Gzs-gr- Recall that Gz^-gr is the group of all i^-automorphisms of the 
Grassmann algebra A„(i^) that respect its Z^-grading (cr g Gz^-gr iff o"(A„_js) = A„^js, 
i > 0). The next result describes the groups Gz^-gr- 

Lemma 3.6 Let K he a reduced commutative ring with | G Then 

1. ifs is even then Gz,-gr = r(s)GL„(K)°P = T{s) x GL„(K)°p and T{s) = TnGz,^gr; 

2. if s > 3 IS odd then Gz,-gr = ^^(s)GL„(f^)°P = Q{s) x GL„(ir)"P and Q{s) = 

^ n Gz,-gr = {uJl+a I a G Y.l<j isodd ^n,sj} ■ 

Proof 1. The number s is even, hence G^s-gr ^ Gi^z-gr = ^GLn{K)°P (Lemma 
[2151(1)). Then it follows from the inclusion GLj^Kyp C Gz^.gr that Gz.-sr = (L n 
Gzs~gr)GLn{Ky'P . So, to fiuish the proof of statement 1 it suffices to show that T{s) = 
r n Gzs-gr- The inclusion T{s) C F fl Gz^-gr is obvious. If e 7^ 7 G F fl Gz^-gr then 
7 = ■ ■ ■ o-62fc+3^''2fc+i (Lemma [32D where fosfc+i = (&2fc+i,i> • • • > ^2fc+i,n) 7^ 0, 7(xj) = + 
&2fc+i,j + ■ ■ ■ for all i. Hence 2k + 1 G 1 + sZ, i.e. crb^j.^! G F(s). Applying the same 
argument to l^-i^J^^-^ = ■ ■ ■ ab^,^^^ G F fl Gz^-gr and using induction on k we see that all 
(Tb2k+i ill the product for 7 belong to F(s). Therefore, F(s) = F fl Gz^-gr- 

2. By Lemma[2Sl(3), n Gz^-^r = {^i+a I « e Z]i<j isodd ^n.^^i) = ^i^)- Considering 
the action of automorphisms from the intersection Gz^-gr-HfiF on the generators Xi, . . . , 
(with help of Corollary 12. 13p it is easy to show that Gz^-gr H VLV = Gz,-gr H Q. Recall that 
G = nVGLniKyp and GL„(ir)°P C Gz,-gr hence 

Gz,-gr = {Gz^^gr H Qr)GLn{KyP = fi(s) GL„ (i^)"^ = Q{s) X GL„(ir)°^ □ 

The groups $, $(«), and Let i^T be a commutative ring. Clearly, 

r = {a : Xi Xi{l + ai) + bi, i = 1,. . .,n} (37) 
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where aj, 6j G K[xi, . . . ,Xi, . . . , Xn\ , cti G A^"" fl and bi G A"*^ fl m^. Consider the subset 
$ of r where all bi = 0, 

$ := {(T : I— + Oj), i = 1, . . . , n}. (38) 
The set $ can be characterized as 

$ = {cr G r I cr(xi) G (xi), . . . , Ct(x„) G 
Then it is obvious that $$ C $ and idA„ G $. 

Lemma 3.7 Lei K be a commutative ring. Then $ = {a G F | cr((a;i)) = (xi), . . . , (t((x„)) = 
(x„)} is a subgroup ofT. 

Proof. It remains to show that, for each a G $, a^^{xi) G (xj) for all i. The equation 
x[ := cr(xj) := Xj(l — aj) can be written as Xj = x^ + Xjaj(xi, . . . , x„) (we have changed the 
sign of the for computational reason). Our aim is to show that Xj = x[{l + a'^, then the 
result will follow as x'- G (xj). We use in turn, first, the substitution Xj = x^ + Xja(x) and 
then the Taylor expansion (Theorem 13. 3p . After repeating these no more than n + 1 times 
we will get the result (since all elements are nilpotent and any product of n + 1 of them is 
zero). 



X 2 — X 2 I X jjCli'i ^X ^ — X ^ I ^yX ^ I X 'iQi'i ^X ^ ^ (X^ ^X ^ I X \ ^X ^ ^ • • • ^ n I *^ ti^ti ) ) 

= X- + (x- + Xjaj(x))(ai(xi, . . . ,x^) + ^ (xa(x))"9"(aj)(xi, . . . , x^)) = ■ ■ ■ . □ 

The group $ is the solutions of the polynomial equations in coefficients of the elements Oj 
and bf 6i = 0, . . . , 6„ = 0. So, $ is a closed subgroup of V with respect to the Zariski 
topology. The group $ is an algebraic group, the algebra of functions on $ is a polynomial 
algebra over K m. n ■ T]<iK{.^n-i >2) — n{2"-^^ — 1) variables. So, the algebraic group $ is 
affine and 

dim(<l>) = n(2"-2 - 1). (39) 

Note, that, in general, the set {a G F | cr(xi) = Xi + 6i, . . . , a{xn) = x„ + 6„} is not a 
subgroup of F where each bi G K[xi, . . . , Xj, . . . , x„J fl m'^ is odd. 
For each z = 1, . . . , n, let 

$(i) ■= {a er\ cx{xi) G (xi)} = {a eG\ (t(x,) = Xi(l + a^)} 

where G K[xi, . . . ,Xj, . . . ,x„J>2- Clearly, $(«)$(«) C $(«) and the set $(«) contains the 
identity map. 

Lemma 3.8 Let K be a commutative ring. Then $(z) = {cr G F | (T((xj)) = (x,)} is a 
subgroup ofT. 
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Proof. It remains to prove that, given a G cr^^ G Repeat word for word 

the proof of Lemma [3 .71 Note that if is a field the resuh is obvious since dimx((xj)) = 
dimK(o'{{xi))): it follows from cr((a;j)) C (xj) that cr((xi)) = (xj), hence a~^{{xij) = (xj), 
as required. □ 

It is obvious that $ = n"^i$(z), and 

<l>(ii,...,z,) := n^=i<l>(z^) = {a eT\a{x^J e{xi,),...,a{xij e{xij} 

= e r I (T((xiJ) = (xij, . . . , a((xij) = (xij} 

is a subgroup of F. The set 

<t>' ■={a eG\ a{xi) e (xi), . . . a{xn) G (a;„)} 

is a group, as the next Lemma shows. Let T" be the subgroup of all the diagonal matrices 
of GKiK)°P. 

Lemma 3.9 Let K be a reduced commutative ring with \eK. Then $' = x $) x T" 
and $' = {cr G G I a((xi)) = (xi), . . . , cr((x„)) = (x„)}. 

Proof. It is obvious that VL C T" C and $' n rGL„(ir)°P = $T". Since 
G = firGL„(K)°P (Theorem [211(3)), 

$' = fi($' n rGL„(ir)"f) = n^r = (^] x $) x t". 



Then by Lemma \377\ ^' = {a E G \ (j((xi)) = (xi), . . . , 0"((x„)) = (x„)}. □ 

The groups j and its subgroups. Let 7^ be a commutative ring. For each 
i = 1, . . . ,n, the set 

£n,i := {7 e F I 7(xj) = Xj,\/j 7^ i} 

is a subgroup of F. 

= {li+a,b ■ Xi ^ Xi(l + a) +b, Xj ^ Xj,Wj ^ i\ (40) 
where a G K\_xx., . . . ,Xi, . . . , Xn\>2 ^ ^ -^L^i, . . . , Xj, . . . , x„J>'|, and 

ll+a,bll+a' ,b' = 7(l+a)(l+a'),fe(l+a')+^''' 7r+a,fe = 7(l+a)-l -(l+a)-lb, 
ll+a,bl'l+a',b'li+a,b = 7l+a',(l+a)-i(6a'+fe') ' 7l+a,6 = 7l,(l+a)-i67l+a,0, 

Below, the equality (l43l) explains importance of these small subgroups. So, S'^^ = {71+0,0} 
and j := {71,?,} are abelian subgroups of £n,i such that j fl S'^^^ = {e}, = E'l^ ^E'^ ^, 
and j is a normal subgroup of since 

7l+a,07l,67r+a,0 = 7l,(l+a)-lb- (41) 

Therefore, En,i = £n,i ^ £n,i- Clearly, i = Sn,i n $. 

Let E' ^ be the group of units E'^_^ in the case of the Grassmann algebra i^' [xi , . . . , Xi, . . . 

i.e. 

:= {1 + « I « e K[xi, . . . ,Xi, . . . ,x„J>2}- 
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Lemma 3.10 Let K be a commutative ring. Then 



1 F ■ — F" ys F' 



2. The map E' ^ ^, 1 + a i— > 7i+a,0; group isomorphism. 



ism. 



3. The map [xi, . . . , Xj, . . . , a;„J>3 £'^^, h ^ 71^6, is a group isomorph 

4- £n,i = {li+Xx",o,7i,XxjXkXi \ X e K,\a\ = 2, j < k < l,aU{j, /c, /} C {1, . . . , . . . , n}) . 

Proof. Statements 1-3 are obvious. Statement 4 follows from statement 1 and the two 
facts: (i) {7i+Aa;",o} are generators for the group ^ since {1 + Ax°} are generators for the 
group E'^-,, and (ii) 

7l+a,07l,fe7r+a,07l^fe = 7l,(l+a)-l6-b = 7l -afe+a26-a3f,+ ... = ll-abll,a^b-a3b+- ■ □ (42) 

For each j > 2, let {Sni •= ^n,i H W} be the induced (descending) filtration on the group 

£n,i- Each subgroup = {a E Sn,i \ (o" — l)(i^) ^ ^■'} is a normal subgroup of £n,i- By 
Lemma [3.21 and Theorem 12. 10[ (2) . the group F is a finite product 



nc^^---n^s-n^!' (43) 

1=1 i=l i=l 



where 

^n,T^^^ '■= {ll+a,b G £n,i \ a G K[xi, . . . , fj, . . . ,X„j2m, b E K[xi, . . . ,Xi,. . . ,X„j2m+l}- 

Clearly, 47+^1 C 

Minimal sets of generators for the groups F, U, and $. For each i = 1, . . . ,n; 
X G i^, and a C {1, . . . , n}, 3 < |a;| is odd, let us consider the automorphism of F, 

Ci,Xx°' : I— > Xj + Ax°, Xj I— > Xj, ^ i. 

Then 

= ^i,-Ax,x-. (44) 

For two elements a and 6 of a group A, the group commutator of the elements a and b 
is defined as [a, b] := aba~^b~^ E A. A direct (rather lengthy) calculation shows that 

[^ijXxiXjX" 1 ^j,fiXjxl^] '-^i.—XijLXiXjxI^x" (45) 

for all \, fi E K; i j; a and /? are subsets of {1, ... , n}\{i,j} such that a fl /3 = 0, a is 
odd and P is even, |a| > 1 and |/?| > 2. Similarly, 

Wi,XxiX:° ^ '^i,tixf] = (^i-Xiix^x" (46) 
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for all \, fi E K; i = 1, . . . , n; and a, /? C {1, . . . , n}\{i} such that a fl /3 = 0, a is even and 
p is odd, |a| > 2 and |/?| > 3. 

For a group A, let us consider its series of commutators: 

:= A, A» := [A,A^'-^^], i > 1. 

For each i = 1, . . . ,n; X & K; and j < k < I, let us consider the automorphism ai^xx^x^xi G 
F: ^— s> Xj + XxjXkXi, Xm ^ Xm, foY all ra^ i. Then 

(yi,\xjX^,xi^i,iJiXjX^,xi = (^i,(\+^)xjXkXi-, ^i^XxjX^xi ~ ^i-XxjXhXi' 

So, the set {(Ti^xx^XkXi I A G i^} is isomorphic to the additive abehan group K, ai^xx^xkxi ^ X. 

Theorem 3.11 Let K he a commutative ring in statements 1 and 2; and let K he a reduced 
commutative ring with ^ E K in statements 3 and 4- Then 

1. the group F is generated hy all the automorphisms cri^xx-x,.xi, i-^- T = {ci^xxjXkXi \ i = 
1, . . . ,n; A G K;i < k < I). The suhgroups {cri,xxjXkXi}xeK of T form a minimal set 
of generators for F. 

2^ Y(i) = r2i+3 .= e r I ((7 - l)(m) C m2*+3}, i > 0. 

3. The group U is generated hy all the automorphisms (Ji^xxjXkXi O'nd all the automor- 
phisms Ui+Xx,, i-e. U = {ai^xx,x^xi,(^i+XxA^^ = l,...,n;X e K;j < k < I). The 
suhgroups {cri^xxjXkXi}\eK, {^^i+Xx,}xeK ofU form a minimal set of generators for U. 

4. U^) = --{a eU\{a- l)(m) C m'+^}, i > 0. 

Proof. 1. In a view of fj43l) and Lemma r3.10[ (4). it suffices to show that each automor- 
phism 7i+Ax«,o from Lemma [3.101 (4) is a product of the generators from statement 1. In 
the (T-notation, the automorphism ■yi+xx'^,0 is of the form 

for some distinct elements ii, Z2, • • • , ^2m+3, > 0, and A G -ft'. The result is obvious for 
m = 0. So, let m > 1. Then, applying fHSl) m times we have 



(J {■ ■ ■ {'^iljXxi-^Xi^Xi^^^^y '^i2, 2;i2 2;i2m+l^«2m+2 ] ' ^I^j 2^i2m-l ^«2m > Xi^Xi^Xi^]- (48) 

The claim that the 'one dimensional' abelian subgroups {ffi^xxjXkXi} of F form a minimal 
set of generators is obvious due to the isomorphism in Theorem 12. 10[ (2) in the case m = 1 
there. 

2. By Theorem [2IU1 (2), F^"^) C F^^+s for all m > 0. Clearly, F(") = {e} = F^^+s. 
Now, using downward induction on m (starting with m = n), in a view of Theorem 
12.101 (2) and fHHj) . in order to prove the equality F*^*""^) = F^'^+^, it suffices to show that 
each automorphism of the type 

'^*'-^^'n^'>2^»3(^»4^«5)'"(^»2m-2^«2m-l)(^«2m^«2m + l) 
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(where the elements i,ii,i2, ■ ■ ■ , i2m+i are distinct, and A G -ft') can be expressed as (m — 1)- 
commutator of the generators from statement 1 (i.e. m — 1 brackets are involved). Below 
is such a presentation (apply (l46l) ) 

3. By Theorem 12.101 and statement 1, it suffices to prove that any inner automorphism 
^i+Xxi Xi -Xi , ii < ■ ■ ■ < i2m+i, m > 0, A e -fC, is a product of the generators from 
statement 3. For any automorphism a & G and an odd element a G A„ (Lemma 12.81 (4)): 

[a,UJi+a] = CrUJi+aO-~'^UjY+a = UJl+a(a)-a- (50) 

Applying this formula m times we have 

The statement that generators in statement 3 are minimal follows from the isomorphisms 
in Theorem 12. 101 (2.3) for m = 1 there. 

4. By Theorem [in (2,3), C f/™+2, m > 0. Clearly, = {e} = Now, 
using downward induction on m (starting with m = n), in a view of Theorem I2.10[ (2.3). 
statement 2 and ([5l]), we have t/^"") = U'^^^ for all m > 0. □ 

Corollary 3.12 Let K he a commutative ring. Then 

1. the group $ is generated by all the automorphisms (Ji^xxix^xi, i-^- ^ = {<^i.XxiXkXi U — 
1, . . . ,n] X E K; k < l;i ^ {k, /}). The subgroups {o'i^xxiXkXi}xeK of ^ form a minimal 
set of generators for $. 

2^ $« = $2i+3 ^ $ I _ c m2*+3}^ i > 0. 

3. Each element a E ^ is a unique finite product a = ■ ■ ■ abj<Jbs<^b-i for unique elements 
bi '■= {bii, . . . , bin) £ ^n,i T'Sce Corollaru \2.13\) such that bij G (xj) for all j . 

Proof. 3. Statement 3 follows from Lemma [3.21 and Theorem 12. 10[ (2) . 

1. By statement 3, the elements of the type (H71) are generators for the group $. Then 
the result follows from ( HHl) . 

2. By Theorem Eini (2), C $2i+3 ^ > q rj.^^ 

reverse inclusion follows from 

(USD. □ 



4 The Jacobian group E and the equality E = E'E'' 

The Jacobian map. Let i^' be a commutative ring. Recall that the group F consists 
of all automorphisms % '■ Xi i— > a;i + 6i, . . . , a;„ \—>-Xn + bn, where b := (5i, . . . , bn) is an 
n-tuple of odd elements of m'^. Consider the matrix B := ^ := (^) of the skew gradients 
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grad(6i) := (g^, . . . , g^) for the element 6 = (61, . . . , 6„) (where . . . , £^ are the left 
partial skew i^-derivatives of An{K)), and its characteristic polynomial 

n 

det(t + B)= t" + ^tri(5)r-\ 

i=l 

Clearly, tri(fi) = tr(fi) = ELi £7 is the trace of the matrix B, tr„(5) = det(5) is 

its determinant, and tVi{B) = X]i<ji<- <ji<n '^^^(|^)/^,'^=i. Now, the jacobian of the 
automorphism 7^ is given by the rule 

n 

Ji^b) = det{t + B)\t=i = 1 + ^tri(5). (52) 

i=l 

Note that the sum of the traces above is an element of since tri(i?) G m^*, i > 1. So, 
the Jacobian map is given by the rule 

n 

J:T^E'^,jb^ J{-fb) = det(t + B)\t=i = 1 + tr,(5). (53) 

i=l 

It is a polynomial map in the coefficients of the elements 61, . . . , Recall that the abelian 
multiplicative group of units E'^ is equal to E'^^ = 1 + ^j>i An,2i- 

The Jacobian group S. Let be a commutative ring. Despite the fact that the 
jacobian map J' : T ^ E!^ is not a group homomorphism, its 'kernel' 

S := {a er\J{a) = 1} 

is a subgroup of F as it easily follows from (126|) and (1271) . We call S the Jacobian group. 
This is a sophisticated subgroup of T. By (153|) . the elements of the group S are solutions 
to the system of polynomial equations over K 

n 

S = {7,Gr| ^tr,(5)=0}. (54) 
1=1 

So, S is a unipotent algebraic group over the ring K. If ii' is a field then S is an algebraic 
group over K (in the usual sense). By Theorem l2.3[ (l). the system of polynomial equations 
in fl54|) can be made explicit 

n 

S = e r I 0(a°(^ tri(5))) = 0, for all even O^ae Bn}. (55) 

i=l 

The Jacobian group S is the solution to the system of skew differential operators. It 
looks like this is the first example of a group of this kind. The Jacobian group S is a closed 
subgroup of r in the Zariski topology. The group F contains the descending chain of its 
normal subgroups 

r = D D ■ ■ ■ D r^™+^ := r n [/^'^+^ d ■ ■ ■ d r^'^i+i d r^tfi+s = {e}. 
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with the abehan factors r^^+i/r^^+s where T^'^+i = {a eT\{a- l)(m) C m^^+i}. 
The group S contains the descending chain of its normal subgroups 

S = D D ■ ■ ■ D S^^+i := S n T^'^+i D • • ■ D S^Ifl+i D S2[t]+3 = {e} 

with the abehan factors {s^'^+VS^^+S} since s^'^+VS^^+s c r^^+i/r^^+s, the abehan 
group. 

The Jacobian group S and the image of the Jacobian map for n = 3. For 

n = 3, 

T = {ax\ o-(xi) = + A1X2X3), a{x2) = X2{1 + X2X1X3), ^(xs) = X3(l + A3X1X2), A G i^^} 

where A := (Ai,A2,A3), and T K^, ax 1-^ A, is the group isomorphism. Since Jl{o-x) = 
1 + A1X2X3 + A2X1X3 + A3X1X2, the Jacobian group S = {e} is trivial, and im(j7') = E'^, i.e. 
the Jacobian map : T ^ E'^ is surjective. 

Lemma 4.1 Let K be a commutative ring and a, r G F. Then 

1. J{a) = J{T) tffrea^. 

Proof. 1. Note that J{a) = a{J{a-^)-^) as it follows from the equality 1 = J (a a ^) = 
J {0)0 {J {a'^)). Now, r G iff o'^t G S iff 1 = J{(J-^t) = J{a-^)a-\j{T)) iff 
J{t) = a{J{a-')-^) = J{a). 

2. By statement 1, J{(T^^) = J{t-^) iff r'^ G cr-^S iff r G Sd. □ 

Remark. Lemma WA\ explains 'intuitively' why, in general, the Jacobian group E is not a 
normal subgroup of F: note first that J{a~^) = a~^{J'{a)~^) and J'{t~^) = t~^{J'{t)~^). 
Suppose that E is a normal subgroup of F, then aS = Eo" for all o" G E, and so the two 
statements of Lemma 14.11 are equivalent, i.e. J^{cr) = Jij) =: u iff J{o-^^) = Jij^^) 
iff cr^^(n) = T^^{u). Since the image of J is 'big' there is no reason to believe that the 
automorphisms cr~^ and acts always identically on u. 

The image im.{J) and F/E. By Lemma [4.11 the map 

: F/E im(J), aT.^J{a), (56) 

is a bijection. 

The groups T2mi the Jacobian ascents. By (1321) . the abelian group E'^ contains 
the descending chain of subgroups 

E'n = K,2 ^ K,4 ^ ■ ■ ■ 3 K,2[f] ^ K,2[f]+2 = {Ij- 
If is a commutative ring then, for each m = 1, 2, . . . , [^] + 1, the preimage 

T2m := Tn,2m := J'^E'^^.J = {a G F I J{a) G ^,2™} (57) 
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is, in fact, a subgroup of F: let a,T G T2m, then 

i.e. T2ra^2m ^ Ta^; and 

i.e. T:^^ C Ta™. □ 
Note that 

s = r2[|]+2- (58) 

We call the groups = ^n,2m the Jacobian ascents. We have the descending chain of 
subgroups in F, the Jacobian filtration: 

r = r2 3 14 3 ■ ■ ■ 3 r2[^] ^ r2[n]+2 = s. (59) 

We will see later that all these groups are distinct except the last two if n is even (Corollary 
17. 7p : each group r2m+2 is a normal subgroup of such that the factor group r2m/r2m+2 
is abelian (Lemma 14.21) . 

Lemma 4.2 Let K be a commutative ring. For each natural number m > 1, the group 
r„^2m+2 is a normal subgroup of r„ 2m such that the factor group r„^2m/rri,2m+2 is abelian. 

Proof. Recall that the groups {-E^ 2m} are F-invariant. The result is an immediate 
consequence of the following obvious fact: for each m > 1, a G -E^ 2m; ^"^^ o" G F, 

a{a) = a mod K,2m+2- (60) 
Indeed, to prove that F„^2m+2 is a normal subgroup of F„^2m we have to show that, for any 

O" G F„^2m and r G F„ 2m+2) CrrO" ^ G F„ 2m+2) i-e. J^ioTO ^) G -£'^,2m+2- 

By ([26D and ([27]), 

Note that (j{J{t)) G ^^,2m+2 since J{t) G ^^_2m+2; and aTa-^{J{ay^) = JipY^ 
mod K,2m+2 5 by ([60]). Now, 



JioTO-^) = J{a)J{a)-^ = 1 mod E'^ 



2m+2i 



i.e. Jiara'^) G E'^ 

,2m+2 5 as required. 

To prove that the factor group F„ 2m/r„,2m+2 is abelian, we have to show that, for any 
cy,T e F„,2m, G F„,2m+2, that is J{crTa-W~') G K,2m+2- By m, (EB, and 

fp7]) . we have 

J(ara-V-i) = J{a) a{J{T)) aT{J{a-')) aTa-\j{T-')) 

= J{o) a{J{T)) oTo-\j{o)-^) ara-\-\j{T)-^) 
^ J{o)J[r)J{o)-^J[T)-^^\ modK,2m+2- □ 



The following result which is a part of Lemma 14.21 has a more short and direct proof. 
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Corollary 4.3 The Jacobian group Tj is a normal subgroup of r2[|] such that the factor 
group r2[2.]/S is abelian. 

Proof. Since each automorphism a G F acts trivially (i.e. as the identity map) on 
-E^2[s]5 the Jacobian map J' : ^21^] -E^2[2]' ^ •^i.'^)^ is a group homomorphism 
[J[o't) = J{(7)a{J{T)) = J{a)J{T)) with the kernel E, hence E is a normal subgroup of 
r2[|] such that the factor group r2[n]/S is abelian since the group E'^^i^i] is abehan. □ 

The elements of the group r2m are solutions to the system of polynomial equations over 

n 

= {76 e r I Y^^niB) e m^-}. (6i) 

1=1 

So, r2m is an algebraic unipotent group over the ring K. By Theorem I2.3[ (l). the system 
of polynomial equations in fl^T]) can be made explicit 

n 

T2m = {76 G r I 0(9°(^tri(5))) = 0, for all even ^ a G 1 < |a| < 2m}. (62) 

1=1 

Lemma 4.4 Let K be a commutative ring. Then, Y'^^^'^ C r2m, for each m = 1, 2, . . . , [|] + 
1. 

Proof Let a G F^"^"*"^. Then (t{xi) = Xi + hi, . . . , 0"(x„) = x„ + 6„, where all hi G 
^'n>2m+i- Now, the rcsult follows from 

J(a) = l + J2^ = '^ modm^-, (63) 
i=i 

i.e. J{(t) G E'^^ since all || G m^™. □ 

Now, we introduce two important subgroups of E, namely E' and E", and prove that 
F = $E" (Theorem mi (1)) and E = E'E" (Corollary EH (1)). 

The group E'. Consider the following subgroup of E, 

S' := En$ = {a G E|(t(xi) G (a;i),...,(T(a;n) G (a;n)} 

= {o- G E I a{xi) = Xi(l + ai), . . . , ct(x„) = x„(l + a„)} 

where each element a-j G . . . , Xi, . . . , x„J>2- The group E' is a closed subgroup of E 

as the intersection of two closed subgroups E and $ of F. It contains the descending chain 
of normal subgroups 

E' = E'3 D E'^ D ■ ■ ■ D E'^'^+i := E' n F^^+i ^ • ■ ■ ^ S'^ttl+i D S'^Ifl+s = {g} 
with the abelian factors {s'2™+7E'2'^+3}. 
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Example. Let ai & K[x2, ■ ■ ■ , Xn\2m and 02 G K[xi,X3, . . . , Xn\2m be homogeneous even 
elements of the same graded degree 2m > 2, and cr e F: xi 1— > + Oi), ^2 1— > ^2(1 + 02), 
I— > Xj, J > 3. Then cr e E iff 

1 + ai , , , , dai da2 



, /1 + ai -xi^\ 
1 = i7(cr) = det -, , M = 1 + ai + a2 + aia2 + X1X2 



9^2 9xi 



iff Qi — —a2 e K[xs, . . . ,Xn\2m and = 0. So, /or eac/i even homogeneous element 
a e i^[x3, . . . , Xn\2m such that — the automorphism 

a & r : xi >—>■ Xi{l + a), X2 ^ X2{1 — a), Xj >—>■ xj, j > 3, (64) 

belongs to the group E'. 

The group E". For each i = 1, . . . ,n, and bi e Klxi, . . . ,Xi, . . . , Xn\>'s, consider the 
element of E: 

■ Xi^-^ Xi + bi, Xj ^ Xj, Vj 7^ i. (65) 

Let E" be the subgroup of E generated by all the elements ^i^i^, 1 < i < n. For each 
i = 1, . . . , n, let 

Ef := {^i,bi I bi e K\_xi, . . . ,Xi, . . . , a^nj>3}- 

Since 6,6,^1,6^ = ^iM+K and — ^i-bi, the set Ef is an abelian group canonically iso- 
morphic to the abelian additive group K[xi, . . . ,Xi, . . . ,a;„J>'| via ^^^fe. 1— > bi. Therefore, 
the group E^' is the direct product of its one-dimensional abelian subgroups isomorphic to 

= ll{kxx^}x^K (66) 

a 

where a runs through all the odd subsets of the set {1, . . . ,i, . . . ,n} with \a\ > 3; the map 
{K, +) {Ci,xx"}\€K: A 1-^ ^i^xx": IS a group isomorphism. 

So, the group E" is generated by its abelian subgroups E'/, . . . , E^. 

The commutator of the elements ^^,6. e Ef and ^j^i,. e E^' where i ^ j is given by the 
rule 



[^i,bi^ ^3,bj] '■ Xi^ {1- bb')xi - b%'xj - b{c + b'c), (67) 
Xj ^ bb'^x, + (1 + bb' + {bb'f)xj + b'{c + 6c' + 66'c), (68) 
Xk ^Xk, i,j, (69) 

where 6, = bxj+c and 6^ = b'xi+c' for unique elements 6, 6' e . . . , fj, . . . , f^-, . . . , x„J>'2 

and c, c K \_xi , . . . , Xi, . . . , Xj, . . . , 3^nJ >3- 

Given automorphisms ^1,61, . . -^nfini and ^ := HILi ^^.^x their product in an arbitrary 
(fixed) order, then 

i{xi) = Xi + bi^ , i = 1, . . . , n. (70) 

The group E" contains the descending chain of normal subgroups 

E" = E"^ D E"^ D • • • D 5]"2m+l ._ j-^// p p2m+l 3) ... 3) 5]"2[f]+l -) j-.//2[f ]+3 _ j^j 
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with the abehan factors {s"2'^+7E"2"^+3}. 
A direct calculation gives 

[^i,XxjX'',^j,fj,x/'^] = ^i,-X/ix°'xl^ (71) 

where i ^ j; a is an even set and /3 is an odd set such that the sets {i,j} and aU (3 are 
disjoint. Similarly, 

[6,Ax-,^j>x/3] = (72) 

for all i j; X, ^ E K; a and /5 are odd sets such that \a\ > 3 and > 3, and the sets 
and a U /3 are disjoint. 
One can verify that for each i j, and even sets a and (3 such that {i,j} and aU (3 
are disjoint, X,fi & K, the commutator (which is an element of S") 

[^i,xxjx'-,^j,^^x,x^3] ■ Xi ^ Xi{l - A/ix°x^), Xj(l + A/ix^x^), x^ (-> x^. A; 7^ i, j, (73) 

belongs to the group S', and 

[^i,xxjx'-,^j,^,x,xl3]~^ ■ Xi ^^ Xi(l + A/ix"x^), Xj Xj(l - A;ux"x^), x^ ^^ Xfe, A; 7^ 
Now, the next corollary is obvious since [ii,xxjx'='^ij,^x^xP] G S' fl S" C $ fi S". 
Corollary 4.5 //i^ zs a commutative ring and n > 6 then S'flS" 7^ {e} anc? $nS" 7^ {e}. 

A straightforward calculation gives 

\^i,uxjx-i ■,\^i,XxjX°'-,^j,liXixl^\\ = ^i,-2Xfii/XjX°'xl^x^^ (74) 

for all A, /i, z/ G -fT; the sets a, /5, and 7 are even and non-empty; the sets {i,j} and aUPU'j 
are disjoint. Similarly, 

[^i,raT; [^i,XxjX" ^ ^j,fiXixl^]] ~ ^i,-X^ivx°'xl^ x'l i (75) 

for all A, /i, z/ G K] the sets a and /?, are even and non-empty; the set 7 is odd and I7I > 3; 
the sets {i, j} and a U /? U 7 are disjoint. 

The group S" for n = 4, 5, 6. Let A be a group and Ai, . . . , be its subgroups. We 
say that the group A is an exact product of the groups Aj, 



n 



A:= Ai--- As[exact\ := J]^ Ai 



i=l 



if each element a G A is a unique product a = ai ■ ■ ■ Os of elements G A^. 

The next lemma describes the structure of the group S" for small values of n = 4, 5, 6. 
These values are rather peculiar as Theorem 14.71 shows. 

Lemma 4.6 Let K he a commutative ring. 
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1. If n = A then S" = S'/ x ■ ■ ■ x S4 is the ahelian group. 

2. Ifn = 5 then S" = S" x ■ ■ ■ x S5 is the ahelian group. 

3. Ifn = 6 then 

(a) S" = X Yli j k i^i;j,k,i exact product of the centre Z(T,") of S" 

and the one dimensional ahelian subgroups ^i-j^k,i '■— {^i,XxjXkXi}xeK — K where 
i = 1,. . .,Q; j < k < I; i ^ {j,k,l, }. 

(h) [S", S"] = S' n S" and the group S' fl S" is the direct product Wi^jCij of its 
subgroups Cij := {cij^x : Xi Xi{l — Ax"), xj t— > Xj{l + Ax"), x^. A; 7^ i, j} 

where a := {1, . . . ,6}\{i,j} and Cij ~ (i^, +) via Cij^x A. 

(c) Z(S") = = (S'nS")xnli ^',5 ^/^ere S^;^ := {^,5. | 6. G i^L^^i, . . . ,x„ . . . ,X6j5}. 

Proof. 1 and 2. If n = 4, 5 then the elements of S^' commute with the elements of E^', 
hence statements 1 and 2 are obvious. 

3. Let n = 6. The group S" is generated by its abelian subgroups S'/, . . . , Sg, and so, 
by (l66l) . the group S" is generated by the 1-dimensional abehan subgroups {^i^xx'^) x,^k — 
{K,+), ^i^xx'" ^ A, where |a| = 3,5. If |a| = 5 then all the ^j^ax" E Z := Z(Y1'\ the 
centre of the group S". Since n = 6, S"^ C Z and the RHS of (ffTl) is equal to zero. 
By Theorem EH (2), [S", S"] C S"^ and so [S", S"] C Z. By ([71]), (ESI), and (CSl), 
the only nontrivial commutators come from (1731) and only in the case when i < j and 
{i, j} U a U P = {1, . . . , 6} there. In this case, the commutators fl73|) is the automorphism 
Cij,Xfi G ^- It is obvious that the product of the groups Cij is the direct product Y[i<j ^ij^ 
and [S", S"] = ni<j Cij C S' n S''^. It follows that S''^ = [S", S"] x Hti ^f.s is the direct 
product of groups since the abelian group S"^ is generated by the subgroups [S", S"] and 
Y[^=i ^i's! and their intersection is trivial. Since n = 6, S" = S"^ ^ Hi j fc z ^'lj,k,i is the exact 
product of groups where i,j, k, I are as in (a), then S' fl S" = S' fl S"^. Since [S", E"] C E' 
and = [S", S"] x HLi Sf,5> we have 

6 

s' n s" = [s", s"] X (s' n JJ s'/g) = [s", s"] = JJ dj 

i=l i<j 

since S' fl IlLi ~ {^}- This proves statement (b). 

It follows from the decomposition E" = S"^ x tlij^k,i^j,k,i and (JTSl) that Z C S"^ 
Since S"^ C Z, we have Z = S"^ Since S" = S"^ x '[] '^.'^ S^^^. ; , (a) follows. Since 

S"5 = [S", S"] X nLi S"5' (c) follows. □ 

A minimal set of generators for the group S". The next result provides a (mini- 
mal) set of generators for the group S". 

Theorem 4.7 Let K be a commutative ring and n > 4. Then 
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1. if either n is odd; or n = 4; or n is even and n > 8 and ^ ^ K, then 

S" = (o-i,AxjXfcX, \ \ E K;i = 1,. . . ,n;j < k < l;i ^ {j,k,l}), 

and the subgroups {ci^xx XkXi}xeK — K of S" form a minimal set of generators for 
S". 

2. If n is even, then 

S" = {(yi,\xjXkXi, (Ji,Xxi-x,-x„ \ X e K;i = 1,. . . ,n;j < k < l;i ^ {j, kj}). 

Proof. 1. Recall that the group S" is generated by its abelian subgroups S'/, . . . S". In 
order to prove the claims that the elements above generate the group S" it suffices to show 
that each automorphism ^i,Ax« (where a is odd, |a| > 3, and i ^ a) is a product of some 
of them. By (171]) . for X E K and distinct indices i,j, ki, li, k2, h, ■ ■ ■ , ^2m, hm,P, r there 
is the equality 

^i,\{Xi:^Xi^){Xi:^Xi^)---{Xi:^^Xi^^)XpXqX, 

Similarly, for A G and distinct indices i, j, fci, /i, ^2, ^2, • • • , ^2™+!, hm+i,P, Q, r there is the 
equality 

^i,\{xk-^xi^){xk2Xi^)---{xk^^^^xi^^_^^)xpXqXr = [^j ,Xj Xfc^ 5 fejaiiaifeg ^^ij ' [^i,XjXk^xi,^y [^j,XiXj,^xi^y ■ -(-^S) 

[^i,^jXk2,ri+l^hm+l ' ^j-^^pXq^r] ■ ■ ] ■ ('''9) 

Suppose that n is odd. The set {i} U a (for ^i,Az«) is an even set hence it is not equal to 
the set {1, . . . ,n}, and so one can find element j such that j ^ {i} U a. It follows from 
( 175]) and (1751) that the 1-dimensional subgroups {<Ji^\x x^xi} are generators for the group 
S". They are a minimal set of generators due to the isomorphism in Theorem I2.10[ (2) in 
the case m = 1 there. 

Let n > 4 be an even number. If n = 4 the result is obvious. If = 6 the result is not 
true by Lemma Lemma [4.61 (3). So, let > 8 and ^ E K. If {i} U a 7^ {1, . . . ,n} then we 
have already proven that the automorphism ^^^ax" is a product of the elements (Ti'^yxjxkxr 
If {i} U a = {1, . . . ,n} then the automorphism ^i^xx'^ = ^i,xxi--x^-xn is a product of the 
elements ai'^x'xjx,,xi, by ([71]). 

2. This statement has been proven already in the proof of statement 1 (see the last two 
sentences above). □ 

The Jacobian group is a complicated group. To understand its structure ffist cut it 
with the small group £n,i- 

Lemma 4.8 Let K be a commutative ring. Then 

£n,i n S = := {i-^M I h e K[x,, ...,Xi,... xjg,}. 



[^i,XjXk^Xi^j [^j,X^Xk^Xl^J [^i,XjXk^Xi^j [^j.X^Xk^Xi^j ' • • (76) 

(77) 
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Proof. A typical element of the group Sn,i is as follows 7i+a,6 : Xi i-^ Xi{l + a) + b, 
x,j ^ Xj, J ^ i (see (gO])). Then ^^(71+0,,;,) = 1 + a. So, 71+^,6 e n S iff a = 0, i.e. 

^rL,i n s = n 

The equality F = For a natural number n, let od(n) be the largest odd number 

such that < 77,, and let Od(n) be the set of all odd natural numbers j such that 3 < j < n, 
i.e. Od(?T,) = {3, 5, . . . , od(r;,)}. 

For each t = 3, 5, . . . , od(n), let 

^n,t '■= e I = a^i + &i, 6j G K\xx, . . . ,fi, . . . ,XnJi, i = 1, . . . ,n}. 

The set JF^'^ is an affine variety over K of dimension n("~^), i.e. the algebra of regular 
functions on JF"^ is a polynomial algebra in ^("7^) variables where the coordinate functions 
are the coefficients of the polynomials hi G K\x\, . . . ,Xi, . . . , Xn\t- Let 

be the product of algebraic varieties. Then 

od(n) , 1 od(n) 



s=l ^ ' s=0 ^ ' 



n + 1) =n(2"-^-n+l). (81) 



In general, $ n S" 7^ {e} (Corollary 14. 5p . The next theorem shows that F = $S" and 
that any element of F is a unique product of elements from $ and S" when one puts certain 
conditions on the choice of the multiples. 

Theorem 4.9 Let K he a commutative ring. Then 

1. T = 

2. = j = 3,5,...,od(n). 

3. Let j = 3, 5, . . . , od(n). Each o G F-' is a unique product a = 0j^od(n) ■ ■ ■ 
where (f)j G and each C,k is as in ([7^ with ^fc(xj) — Xi E K[xi, . . . ,Xi, . . . , Xn\k, 
i = 1, . . . ,n. Moreover, for all i = 1, . . . ,n the following conditions hold: 

(a) a-^ixi) = -^jixi) mod {(xi) + A"^^^^^) , 

(b) ■ ■ ■^j+2^ja-^{xi) = -^k+2{xi) mod ((xi) + A°'J>fc+4), k=jJ + 2,.. . ,od(n) - 
2. 

4. For each odd natural numherj such that 3 < j < n, let T'^ := ^"^(^n) x " " " x ^ ■ 
The map 

X (0, ^od(n), • • • , 0+2 > 0) ^ 0^od{n) " " " 0+2^, 

is an isomorphism of the algehraic varieties with the inverse map a 0^od(n) ■ ■ ■ O+2O 
given hy the decomposition of statement 3. 
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5. The map 

^ ^ r, (0, ^od(n), • • • , ^5, 6) ^ 0^od(n) " " " ^5^, 

is an isomorphism of the algebraic varieties with the inverse map a ^ 0^od(n) ■ ■ ■ ^5^3 
given by the decomposition of statement 3. 

Proof. 1. Statement 1 is a particular case of statement 2 when j = 3 since F = F^, 
$ = $3, and S" = S"^ 

2. Statement 2 follows from statement 3. 

3. First, we prove that there exists a decomposition for a that satisfies the conditions 
(a) and (b), then we prove the uniqueness. 

By the inversion formula (Theorem 13. ip . the map F — F, cr 1-^ cr~^, is an automor- 
phism of algebraic varieties. Let a G F-'. Then G F-', and, for each i = l,...,n, 
a^^{xi) = Xi{l + Oi) + hi for some elements Oj G K\_xi, . . . ,Xi, . . .Xn\>j_i and hi G 
K\_xi, . . . ,Xi, . . . Xn\'>j- Then hi = Ci + ■ ■ ■ for some element q G K[xi, . . . ,Xi, . . . Xn\j- 
Clearly, 

a-\x,) = c, mod((a;,)+A^>^.+2). (82) 
Define the element G S"-' by the rule 

^j{xi) = Xi — Ci, for all i. (83) 
Then the automorphism C,j satisfies the condition (a). Consider the automorphism 

a' := ^ja-^ G F^' : Xi ^ x,(l + + h'^ 

where a- G -^'[xi, . . . , fj, . . . x„J>j„i and 6- G [xi, . . . , fj, . . . a;„J>^j-+2- Then h[ = c[ + ■ ■ ■ 
for some c- G . . . , Xj, . . . x„Jj+2- Clearly, 

Oa"^(x,) ^ mod ((x,) + A^>,.+4)- (84) 

Define the element ^-,+2 £ S''-'^^ by the rule ^j_|_2(xi) = Xj — for all i. Then ^^+2 satisfies 
the condition (6) for k = j. Now, we can repeat the same argument for the automorphism 
a" := ^j4.2^jCr~^. Continue in this fashion we finally come to the inclusion 

and obtain a decomposition for a that satisfies the properties (a) and (b) exists. 

Uniqueness: Let cr = 4>'Cod(n) ' ' ' ^j+2^j another decomposition with Cji^i) = — \ 
for some Aj G i^'[xi, . . . , Xi, . . . , x„Jj, 1 <i < n. Then ^^"^(xi) = Xj + Aj. Since cr^"'^(xj) = 
i'f^{xi) = Xi mod ((xi) + A°'f>j+2), we must have = ^j,hy §2i>. Similarly, ([HID yields 
the equality ^J_^_2 = ij+2- Using the same argument again and again (or by induction) we 
see that = for all = j, j + 2, . . . , od(n). These equalities imply that 0' = 0. 

4. This statement follows from statement 3 since the map a ^ <f)C,od{n) ■ ■ ■ ^ 
polynomial map as the proof of statement 3 shows. 

5. This statement is a particular case of statement 4 for j = 3 since $ = JF" = J^"^, 
and F = F^. □ 

In the proof of Theorem 14.91 the algorithm is given for finding the automorphisms (p 
and ^i in the presentation a = 0^od(n) ■ ■ ■^j+2C,j- 
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Corollary 4.10 Let K be a commutative ring. Then J^{T) = J7'($). 

Proof. Let a G F. Then a = to" for some r G $ and a" G S" (Theorem 14.91 (1)). Then 

J{a) = J{ra") = r{J{a"))J{r) = r{l)J{r) = J{r). 

Therefore, J{T) = J{^). □ 

The equality S = S'S". The next result shows that the Jacobian group S is the 
product of its subgroups S' and S", i.e. each element a G S is a product cr = a'cr" of some 
elements a' G S' an a" G S". This product is not unique as, in general, S' fl S" 7^ {e} 
(Corollary 14. 5p . Though, by putting extra conditions on the choice of the elements a' and 
a" the uniqueness can be preserved. 

Corollary 4.11 Let K be a commutative ring. Then 

1. S = S'S". 

2. = S'^S"-'', J = 3, 5, ... , od{n). 

3. Let j = 3, 5, . . . ,od(n). Each a G S-^ is a unique product o = cr'^od(n) ■ • ■ 
where a' G S-' and each is as in ( fyO| j wt/i ^^(xj) — Xj G K\_xi, . . . ,Xi, . . . , Xn\k, 
i = 1, . . . ,n. Moreover, for all i = 1, . . . ,n the following conditions hold: 

(a) a-^{xi) = -^j{xi) mod ((xj) +An%j+2), 

(b) ■ ■ ■ ^j+2^j(^'\xi) = -^k+2{xi) mod ((xi) +A°'f>fc+4), k=j,j + 2,.. . ,od(n) - 
2. 

4. For each odd natural number j such that 3 < j < n, the map 

T!^ X J^"^^ , {a, ^od{n) , • • • , 0+2, 0) ^ cr'^od(n) ■ ■ ■ 

zs an isomorphism of the algebraic varieties with the inverse map a o-'C,od(n) ■ ■ ■ ^j+2^j 
given by the decomposition of statement 3. 

5. The map 

^' ^ ~^ r, (cr', ^od(n), • • • , ^5, ^s) ^ O"'^od(n) " " " ^5^3, 

is an isomorphism of the algebraic varieties with the inverse map a i-^ cr',^od(n) ■ ■ ■ ^51^3 
given by the decomposition of statement 3. 

Proof 1. By Theorem |4ll(l), T = Note that S C T, S" C S, and S' = S n $. 

Now, 

s = snr = sn $s" = (s n $)s" = s's". 

This proves statement 1. The rest follows at once from Theorem 14. 9[ □ 

By Corollary 14.111 and flSTl) . in order to find the dimension (and generators) for the 
Jacobian group S it suffices to find the dimension (and generators) for S'. 
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The largest normal subgroup of T in S. 

Let A C B he groups. Then 

J\f{A, B):={aeA\ bab'^ E A, for all b E B}, 



(85) 



is a normal subgroup of B in A. If is a normal subgroup of B that is contained in A then 
C Af{A, B). Therefore, A/'(A, B) is the largest normal subgroup of B that is contained 
in A. The group A is a normal subgroup of B iff A = Af{A, B). 

Theorem 4.12 Let K be a commutative ring. Then 

Af{j:, r) = {r G S I r(A) = A for all A E im{J)}. 

Proof T E 7V(S, r) iff ara-^ E S for all a G T iff 

1 = Jiara-^) = J{a)a{J{T))aT{J{a-^)) = J{a)aT{J{a-^)) 

iff r(J(a-i)) = a-\j{a)-^) iff r{J{a-^)) = J{a-^) for all a G S (since <j-\j{a)-^) = 
J{a-^)) iff r(A) = A for all A G im{J). □ 

Corollary 4.13 Let K be a commutative ring and n > A. Then the group S is not a 
normal subgroup ofriff'n>5. 

Proof. For n = 4, the group F is abelian, and so S is a normal subgroup of F. Let 
n > 5. By Theorem 14.121 S is a normal subgroup of F iff S = A/'(S, F) iff 

im(J^) C E'^ := {e G K I o^(e) = e, Va G S}. 

For the automorphism T 3 a : Xi Xi{l + X2X3),Xi Xi,i ^ 1, the Jacobian J^i^a) = 
I+X2X3 does not belong to E''^ since r(j7'(cr)) 7^ J^{o') where T, 3 t : X2 ^ X2+X1X4X5, Xj 1— >• 
Xj,j 7^ 2. Therefore, S is not a normal subgroup of F. □ 

5 The algebraic group and its dimension 

In this section, the group S' is studied in detail over a commutative ring K. It is proved 
that the group S' is a unipotent affine group over K of dimension {n — 2)2"~^ — n + vr^ 
(Corollary 15.61) . Important subgroups {<|)'2'^+^} are introduced and results are proved for 
these groups (Lemma l5.3l and Theorem 15. 4p that play a crucial role in finding the dimension 
and coordinates of the Jacobian group S. 

Lemma 5.1 Let K be an arbitrary ring, n > 4, and s = 1, 2, . . . , [^^]. Each element 
a G An,2s is a unique sum a = a„_2s + an-2s+i + ■ ■ ■ + ctn where 






l<ii<--<jp<n— 2s+p— 1 



a, 



'n 



'■— C2s '■ — 




1 < p < 2s — 1, and the lambdas are from K . 
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Proof. This follows directly from Theorem I8.1[ (l). □ 

Let K he a commutative ring and n > 4. For each fixed natural number s such that 
1 < s < [^^], we define the i^'-module 



V := Vn,2s ■= A„,2s(l) © ■ ■ ■ © A„,2s(^), An,2s(0 := K[xi, . . . ,Xi,, . . . ,Xn\ 



2s, 



the direct sum of free i^'- modules of finite rank over K. Each element v = {vi, . . . G 
F is a unique sum v = f iCj where Vi G A„^2s(0 ei := (1, 0, . . . , 0), . . . , e„ : = 

(0, . . . , 0, 1). By Lemma [5. 11 the i^-module homomorphism 

J ■= Jn,2s ■ V Kn,2s, {Vi, . . . , Vn) ^ Vi ^ h V„, (86) 

is a surjection, and the K-homomorphism (where a = a„_2s + ■ ■ ■ + a„ as in Lemma [5TTi) 

n 

f = fn,2s ■ K,2s a = an-2s H h a„ ^ ^ ttiCi = (0, . . . , 0, Qn-s, • • • , 

i=n—2s 

is a section of J', i.e. J'f = id. Hence, 

= ker(J) ©/(A„,2s), /(A„,2.) =^n-2s©---©v4„, (87) 
where Ai := An^2s,i ■= f{^n,2s) fl A„,2s(i). By Lemma [EU 



An-2s — KXn-2s+lXn-2s+2 ' ' ' Xn, 

An~2s+p = ( KXi^ ■ ■ ■ Xi^^Xn-2s+p+\Xn—2s+p+2 ' ' ' ^ni 

l<i\< - ■ ■ <ip<.n—2s+p—l 

An KXi^ • • • Xi2 



l<n<---<i2s<n— 1 



where 1 < p < 2s — 1. So, the i^'- modules An-2s, ■ ■ ■ ,An are free finitely generated K- 
modules generated by monomials (as above) of degree 2s. 

We will see later that the map in fl86|l is, up to isomorphism, the Jacobian map 
fl9T|) . Our goal is to find a special i^-basis for the kernel ker(jr) that has connection with 
certain automorphisms of the group S'. For, we will define, so-called, avoidance functions 
which allows one to produce the required basis and then explicit automorphisms of the 
group S'. 

Avoidance functions. For each monomial of An the set {ii, is 

called the support of the monomial u. Let us fix a natural number s such that 1 < s < [^^]. 
Next, for each i = l,...,n— 1, we are going to define a set S"- and a function ji on it. We 
do this in two steps: first, for i = n — 2s, . . . ,n — 1; and then for i = 1, . . . ,n — 2s — 1. 

For each i = n — 2s,n — 2s + l, . . . ,n, let S'j := Si^s '■= Supp(Aj) be the set of supports of 
all the monomials from the module Ai (the i^-module Ai is generated by monomials), and 
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let SI :— be its complement in the set Supp(A„_2s(0) — l*^ — {i, ■ ■ ■ ,i, ■ ■ ■ ,n} \\a 
2s} where \a\ is the number of elements in the set a. In more detail, 



Sn-2s,s 


= {{n- 


-2s+ 1,., 


. .,n}}, 










Sn—2s+p,s 


= {aC 


{1, . . . ,n 




. . . ,n} \ a D {n — 


2S+P+1,... 


, n}, \a\ 


= 2s}, 




= {aC 


{l,...,n 


- 1} 1 l«l 


= 2s}, and 








'-'n-2s,s 


= {aC 


{L...,n 


^s, 


n} \a {n — 2s - 


F 1, . . . ,n}, \a\ 


= 2s}, 




n—2s+p,s 


= {a C 


{l,...,n 


^^'2r+p, 


. . . ,n}\a^ {n — 


2S + P+1,... 


, n}, \a\ 


= 2s}, 




= 0, 















where 1 < p < 2s — 1. One can easily verify that the following sets are the only empty sets 
among the sets {5''j_2s+p' s I = 1; • ■ ■ ? p' = 0, 1, . . . , 2s — 1}: if n is an odd number, 
s = [s^], and p' = 0, 1, . ! . , 2s - 1, i.e. 

= ^2,[ii^] = • • • = S'^.i^^r^] = 0- (88) 

In particular, for n = 5 we have 

S[,2 = ^2,2 = • • — S',^, = 0. (89) 

Let us stress that for each i = n — 2s, . . . ,n — 1, the set S'l := S'^ ^ is equal to the set of 
all a e Supp(A„_2s(0) such that {i + l,i + 2, . . . , n}\a ^ 0. So, we can fix a function 

ji ji,s : S'i^ {i + l,i + 2,...,n}, ji{a) e {i + 1, i + 2, . . . , n}\a. 

If the set SI is an empty set then this definition is vacuous since we have an 'empty function' 
defined on the empty set. It is convenient to have these 'empty functions' in order to save 
on notation. 

For each i = 1, . . . , n — 2s — 1, let S"- := 5"^'^^ := Supp(A„^2s(0), and we can fix a function 

ji ■= ji,s ■■ S'i^ {i + l,i + 2,...,n}, ji{a) E {i + l,i + 2, . . . , n}\a, 

(if not then + . . . ,n} C a for some a G S[, and so a U {1, . . . , i} = {1, . . . , n} but then 
one has the contradiction: n = \a U {1 , . . . , i}\ < \a\ + i < 2s + n — 2s — 1 = n — 1 < n) . 

Definition. For the fixed number s (as above), the functions < i < n — 1} arc 

called avoidance functions. 

Note that there are many avoidance functions, in general. The importance of avoidance 
functions {ji} is the fact that, for any a G S*', we can attach the 1-dimensional abelian 
subgroup of S', {pij,(ay,\x"} - K, Pij,(a);Xx-' ^ \ by the rule 

Pi,ji{a);Xx" ■ Xi ^ Xi{l + Ax"), Xj^^a) ^ Xj^^a){^ " Ax"), Xk ^ Xk, i,ji{a). (90) 
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Lemma 5.2 Let K be a commutative ring, n > 4, and {ji = ji^s} be avoidance functions 
for a fixed number s such that 1 < s < [■^^]- Then the set U^~^{x°'{ei — ej-(^a)) \ G 5*^'} 
is a K-basis for the kernel ker(j7') of the map J = J n,2s, W^ - '^'^^ rank of the free 
K -module ker(j7'„,2s) equal to 



n-l 

' n 



71—1 , -.X 



2s 



Proof. By the very definition, the elements from the union are from the kernel ker(jr) 
and i^'-hnear independent (use the fact that i < ji{a) for all i and a G 5*^'; and the fact that, 
for each i = 1, . . . , n — 1, the monomials x", a G 5*^' ^ are iT-linear independent). Let U be 
the i^'-submodule of V that these elements generate. It follows from the definition of the 
sets S'i that U + /(A„,2s) = V, hence U = ker(j'), by §7^ and the inclusion U C ker(J). 

By fl57|) . the rank of the free i^'-module ker(jr„ 2s) is equal to 



rk^(ker(:r„,2.)) = l^.'^J = rk;,(K,2s) - rkx(/(An,2s)) 



i=l 



ft — 1 \ ( Tl 

rarkK(A„.-i,2s) - rkK(A„,2s) = n[ - ). □ 



2s J \2s 

The groups <|)'2«+i. Let be a commutative ring, and > 4. For each number 
s = 1, 2, . . . , [^^], let $'2*+^ be the subset of $ that contains all the elements of the 
following type: 

(j{xi) = + ■■■), l<i<n — 2s — 1, 

<^{Xn-2s) = 2;„_2s(l + Ax„_2s+lX„_2s+2 ' ' ' ' ' ' ) , 

<^{xn-2s+i) = 2;„_2s+i(l + ( Aj^a;j Jx„_2s+2 ■ ■ ■ + ■ ■ ■ )' 

l<ii <7i— 2s 

' ' ■ ) 

'^(•^n— 2s+p) ■^n—2s+pi^ ~l~ ( ^ ^ ^ii,...,ip-^ii ' ' ' •^ip^-^n—2s+p+l ' ' ' •^n "t~ ' ' ' )' 

l<jl<--<jp<n— 2s+p— 1 

■ ■ ■ ) 



l<ii <--<i2s-i 2 



l<ii<--<i2s<" — 1 

where the lambdas are elements of K and the three dots mean higher terms. By Theorem 
12.101 (2). <|)'2'^+i is a subgroup of $. In the notation of Lemma l5.ll the automorphism 
cr = cTq above (where a = a„_2s + ■ ■ • + a„ as in Lemma 15. ip can be written as 

cr(xj) = Xj(l + ■■■), l<i<n — 2s — l, 
cr(xj) = Xi{l + ai + ■ ■ ■), n — 2s < i < n. 
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Clearly, 

and <|)2«+3 ig a normal subgroup of since <|)2«+3 jg ^ normal subgroup of For each 

s = 1, . . . , [^^], we have the Jacobian map 

J : $2s+i ^ ^/ ^^^ _ ^ + 5^ A„,2., a ^ 

The factor group E'^ 2sl ^n,2s+2 ~ 2s+2 I ^ An,2s} is cauouically isomorphic to 

the additive group A„ 2s via the isomorphism 

E'n,2slE'n,2s+2 ^ ^n,2s, (l + a)K,2s+2 «■ 

The Jacobian map J : $^*+^ — * -E^ 2s yields the Jacobian maps 

J : $2s+i/^2s+3 ^ E'^^J E'^^,^^,, a^'^^' ^ :^(^)K,2s+2, (91) 

and 

There is the natural isomorphism of the abelian groups: 

n 

^2s+l/^2s+3 _^ 0A„,2s(O = V- = V;,2s, 
i=l 

{a:Xi^Xi(l + ai)$2"+^} (ai,...,a„), 

where G A„ 2s(^) for alH = 1, . . . , ra. When we identify the groups <|)2s+iy'$2s+3 y 
on the one hand, and the groups E'^ 2sl^'n 2s+2 ^^'^ A„ 2s on the other via the isomorphisms 
above, then the Jacobian map J : <|)2^<+i/<|,2s+3 _^ -E^^2s/-^n,2s+25 cr^^"*^^ ^ ^(cr)-E^,2s+2> 
coincides with the map fl5^ . JT" : V A„^2s, (^i, • • • , a„) ^— ai + ■ ■ ■ + On- Then Lemma 
15.31 follows, which is one of the key results in finding generators for the Jacobian group S 
and its subgroup S'. 

Lemma 5.3 Let K be a commutative ring, n > 4, and s = 1, . . . , [^^]- The Jacobian 

map J : <|)'2s+i/$2^+3 E'^^^s / E'n,2s+2> ^ ^(o")-£^n,2s+2; an isomorphism of the 

abelian groups which is given by the rule 

2s-l 

j7(or$2'^+3) = (1 + Ax„_2s+1 ■ • -a^n + ^( ^ \i^^,„^i^Xi^ ■ ■ ■ Xi^)Xn~2s+p+l ' ' ' Xn 

p=l l<ii<---<is<?i— 2s+p— 1 

"I" ^ ] -^n,.--,jp-^n ■ ■ ■ ■^«2s)-^n,2s+2 

l<ii <--<i2s <n— 1 

/or t/ie element a G $'2*+^ as above (i.e. in the definition o/$'^'^+^j. 
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Proof. When one writes down the determinant J^icr) for the element cr G $'2*+^ as 
above it is easy to see that J^{o-)E'^,2s+2 is the product of the diagonal elements in the 
determinant j7'(o") modulo E'^^2s+2- 

j(^$2.+3) _ (l + Aa;„_2.+i---a;„)--- 

(1 ~l~ ^ ^ ^ii,...,ip'^ii ' ' ' '^ip) •^n—2s+p+l ' ' ' •^n) 

l<tl<-<is<n— 2s+p— 1 

(1 + ■ ■ ■ Xi^jE^ 2s+2 

l<ii<---<i2s<" — 1 

2s-l 

= (1 + Aa;„_2s+i ■ ■ ■ + ( ^ K,- ,ip'^il ' ' ' ■^ip)'^n—2s+p+l ' ' ' •^n 

p=l l<ii<--<ia<n—2s+p—l 

+ ^ii,..;ip^ii ' ' ' ^i2a)En,2s+2y 

l<ii<---<i2s<n—l 

and so we obtain the formula for J'{a^'^'^^^) in Lemma [531 Now, it is obvious that the map 
J' is the isomorphism of the abelian groups since each element of An,2s can be uniquely 
written as a sum s in the formula for J7'(cr$^'*+^) = (1 + s)E'^2s+2 above (see Lemma IHTTj) . 
□ 

Theorem 5.4 Let K be a commutative ring, n > A, and s = 1, . • ., [^]. Then 

2 <|)2s+l _ (|,/2s+l^/2s+l _ ^/2s+l^/2s+l 

2. <|)2s+Y<|,2s+3 ^ ^/2s+Y^/2s+3 ^ <|,/2s+i ^^2s+3 ^ direct product of abelian groups. 

3. Each automorphism a G <l>^'^+^; Xi i-h> + 6j + ■ ■ ■ ), 6j G A„^2s(0> ^ = 1, 
t/ie unique product modulo $^^+3 follows, 

n-l 

^ = n n p^^Mxo^y^'^-- "^od (92) 



where 



4>'{xk) := Xfc, 1 < /c < n — 2s — 1, 

:= Xj(l + aj), n — 2s < i < n, 



and 



n-l 



i=l ae5' i=n-2s 



in V = ker(j7') © /(A„2s) /or unique & K and unique elements aj as in Lemma 
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Proof. Recall that the Jacobian map J : $2s+i/^2s+3 _^ £;;,2./K,2.+2> a^^'^^ ^ 
J7'(cr)-E'j 2s+2) is naturally identified with the map (!86|l . 

: V ^ A„_2s, (ai, . . . , a„) ai H h a„, 

under the identifications $2^+1^^25+3 ^ ^ ^^^^^ E'^,2s/E'n,2s+2 = ^n,2s- Consider the direct 
sum ( !87|) : = ker(j7')©/(A„ 2s)- By Lemma [5T2| the free ii'-module ker(j7') has the A'-basis 
U"=i^{a;°(ej — ej.(^a)) I « G 5*^'}, and each element of /(A„^2s) is a unique sum Yl^=n-2s^i^i 
where Oj are as in Lemma 15.11 To each basis element a;"(ej — ej-(Q,)) we attach the 1- 
dimensional abelian subgroup of {pi,ji{a);\x'^}\eK — K, by (1901) . To each element a = 

^"^„_2^ djej it corresponds (under the identification <|)2s+iy'<j)2s+3 = y-j ^j^g automorphism 
(pa e $'2^+^: 

0a(2;fe) := Xk, l<k<n-2s-l, 
(pa{xi) := Xj(l + aj), n — 2s < i < n. 

Each element f of is a unique sum 

n—l n 
i=l a€S'. k=n—2s 

for unique Aq, G -ft' and unique as in Lemma [STTl Under the identification <|)2s+i^<|)2s+3 ^ 
l^, the element v can be identified with the automorphism modulo <|)2'^+3 (^i_g_ ^ = 
where 

n-l 

= 0aO-', ^' n n Aji(");Acx-- (93) 

Conversely, any coset cr$^^^^ where a G can be identified with the element v & V 

(i.e. 0"$^'^"'"^ = w) by the rule: let (j(xj) = Xj(l + 6j + ■ ■ ■ ) for some hi G A„_2s(^), « = 1, . . . , n, 
then (61, . . . , 6„) G y = ©"=iA„^2s(0 0-$^''+^ = (61, . . . , 6„). Now, statement 1 follows 
immediately from (1931) . Under the identification <|)2s+i^<|)2s+3 ^ ^.j^g decomposition 
= ker(j7') © /(A„_2s) corresponds to the decomposition (the direct product of groups) 

^2s+l ^,|,2s+3 ^ ^/2s+l(|,2s+3 ^(|,2s+3 ^ (|,/2s+l ^(|)2s+3 

Since Y.''^s+i^2s+^ i^2s+z ^ ^,2s+i ^j^>2s+3 p $2s+3 ^ 5./2S+1 /5./2S+3 ^ ^j^g statement 2 follows. 
Statement 3 is just (1931) . □ 

Theorem 5.5 Let K be a commutative ring, and n > 4. 
1. Then each automorphism a E ^ is a unique product 

[^] 

= JJ^ 02s+lO"2s+l = 03Cr305Cr5 ■ ■ ■02[^]+1^2[^]+l (9^) 
i=l 
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for unique elements 02s+i ^ <|)'2s+i q^^? cr2s+i £ from ( fP^) . Moreover, 

a = 4>3<y3 mod 

Ti 1 



^. i?ac/i automorphism a eT,' is a unique product 

(T = JJ^ (T25+1 = 0-30-5 ■■ ■Cr2[n_i|+1 (95) 



2 

2=1 



/or unique elements o-2s+i G /rom [9^) . Moreover, 

a = a-i mod 

Tl — 1 

(a3 ■ ■ ■ a2,_i)-V = (T2S+1 mod $2^+3, 2 < s < [^— ]. 
Proof. 1. This statement follows from Theorem 15. 4[ 

2. We need only to show that, for a G S', 03 = ■ ■ ■ = ^gj^mij+i = e in Suppose 
that 02s+i 7^ e for some s and the s is the least possible with this property. We seek a 
contradiction. Without loss of generality we may assume that 0-3 = ■ ■ ■ = 0^28-1 = e, i.e. 
o- = 02s+io-2s+i ■ ■ ■ • Since J^{(t) = 1, we must have Jl{<7) = 1 in E'^2s/ ^n2s+2- 
other hand, J{a) = J{(t>2s+i) 7^ 1 in E'^JE' 

2s+2 (Lemma |5i3j), by the choice of the 02s+i) 

a contradiction. □ 

The dimension of the algebraic group S'. Recall that n > 4 and for each number 
s = 1, . . . , [^^], we defined the sets S[ := S[g, 1 < i < n — 1, and the avoidance functions 
{ji •= ji,s}- By Theorem 15.51 (2) and Theorem 15.41 (3). each element a of S' is a unique 
ordered product 

^ = n n n pi,HAc^y^c.x<^ (96) 

s=l i=l a£S' 



where a = at^s (they depend on i and s) and Aq, = Xa,i,s G K. Therefore, {Aq, = Xa,i,s} are 
afiine coordinates for the algebraic group S' over the ring K, and the algebra of (regular) 
functions (9(S') on the algebraic group S' is a polynomial algebra in 



dim(E')= (97) 



s=l i=l 

variables. Consider the function 



1 if n is odd, 

2 if n is even. 
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Corollary 5.6 Let K be a commutative ring and n > 4. The group S' is a unipotent 
affine group over K of dimension 



s=l ^ ' ^ s=l ^ ' 

[n — 2)2"^^ — n + 2 if n is even, 
[n — 2)2""^ — n + 1 if n is odd. 

over K, i.e. the algebra of regular functions on E' is a polynomial algebra over the ring K 
in dim(S') variables {A^}. 

Proof. The only statement which is needed to be proven is the formula for the dimension. 
For each s, by Lemma [5.2^ 

The first part of the formula for dim(S') then follows from (1971) . Note that 



n 



jn-lj jri-lj 

s=l ^ ^ s=0 ^ 



If n is even then 



jn-lj jn-lj pj 

Ef:)-E(:)->-E(:)-U,)->-^"-'-^- 

If n is odd then 



=1 ^ ^ s=0 ^ ^ s=0 ^ ^ ^ ^2 



E(;j^E(;j^Ep— 

s=l ^ ^ s=l \ ^ s=0 ^ ^ 

By the first part of the formula for dim(S') and the calculations above, we have 

dim(S') = n(2"-2 - 1) - (2"-i - 7r„) = - 2)2"-^ -n + 7r„. □ 
The subgroup S' of F is 'twice smaller' than F in the following sense (see (1351) ) 

lim = lim " + . i ,98, 

n^oo dim(F) ra^oo n(2" ^ — 2 

The group E' is not a normal subgroup of E if n > 6 and 2 7^ in i^'. Clearly, 

3 a : Xi ^ Xi + X2XSX4, Xi 1— > Xj, z 7^ 1; and E' 9 r : a;i 1-^ Xi(l + XsXg), 0:2 1-^ 2;2(1 — 
x^Xq), Xi ^ Xi, i ^ 1,2. Then ara^^r^^^Xi) = Xi + 2x2X3X4X5X5, hence ara^^r^^ ^ E'. 
This means that the subgroup E' of E is not normal if n > 6 and 2 7^ in i^'. 

We will see later that the group E" is a closed normal subgroup of the Jacobian group 
E (Theorem EH (2)). 
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6 A (minimal) set of generators for the Jacobian group 
H and its dimension 



Let K he a commutative ring. In this section, a minimal set of generators for the Jacobian 
group E is found exphcitly (Theorem 16. ip . The dimensions and coordinates of the following 
algebraic groups are found explicitly: S (Theorem 16. 3p . S'nS" (Lemma 16. 2p . S" (Theorem 
16. 4p . It is proved that the sets of cosets and S' fl have natural structure of 

an affine variety of dimension n(2"~^ — n + 1) over K (Corollary 16. 5p . 

(Minimal) set of generators for the Jacobian group S. We keep the notations of 
Section [51 For s = l, l<p<2s — 1 = 1, i.e. p = 1. Consider the sets S'^^, 1 < i < n — 1, 
defined in Section [5j 

S",' 1 = Supp(A„,2(^)), I < i < n - 3, 
S'^_2 I = {a C {1, . . . , n — 2, n — 1, n I a 7^ — 1, n}, \a\ = 2}, 
S'^_i I = {a C {1, . . . , n — 1, n I a ^ n, |q;| = 2}. 

Fix avoidance functions 

ji : 1 1-^ {z + 1, . . . , n}, 1 < i < n - 1. 

The next theorem provides a (minimal) set of generators for the Jacobian group S for 
n>7. 

Theorem 6.1 Let K be a commutative ring, n > 7, and for s = 1 let {ji := jj^i} be 
avoidance functions. If either n is odd; or n is even and | G K; then 

S = {Pi,j,{ay,xx'-,(^i',\x,xkxi I A G -f^; 1 < 2 < n-1; a G S*- 1; 1 < i' < n; j < k < l;i' ^ {j, k, /}) 

and the 1-dimensional abelian subgroups {piji{ay^\x'^} — K and {(Jii ^xx^x^xi} — KofT, form 
a minimal set of generators for E in the sense that no subgroup can be dropped. 

Proof Recall that S = S'S" (Corollary |4lU(l)); and, by ([96]), 

= (Pij,,.K);Ax-» \ \e K;l <i <n-l;l < s < ]; G S'iJ 

where ji^g are avoidance functions; 

= {(Ji',xx,xkxi \ \ e K;l < i' < n;j < k < l;i' ^ {j, k, I}) 

(Theorem I4.7[ (l)). and, by the definition, the group S" is generated by all the automor- 
phisms 

where k e K[xi, . . . ,Xi, . . . , Xnl^^. 
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If s = 1 then the elements {pi,j, i(ai);Aa;"i} are precisely the p-part of the generators in 
the theorem. If s > 2 then, by (173|) . each element Pij^ ^(as);Xx'^s belongs to the group S". 
Therefore, 

S = (pi,j,(a);Ax-, o-i',Ax,XfeX, \>^e K;l<i< n-1; a E S'^y, 1 < i' < n; j < k < ^ {j, k, I}), 

i.e. the first part of the theorem is proved. To prove the second part of the theorem (about 
minimality), note that, by Theorem 12. 10[ (2) . the map 

(A„,3)" ^ UyU", a={a,,...,an)^ 

is a group isomorphism where cTq G f/^ : Xj h-* Xj + a^. We identify these two groups 
via the isomorphism above, then the elements Pi,ji{a);Xx'^U^ and (Tii-^xx^x^xiU^ are identified 
correspondingly with the elements Ax"(xjej — Xj-<^a)^ji{a)) and XxjXkXiCi' of the i^-module 
W := (A„,3)" = ©?=iAn,3e^ where d := (1, 0, . . . , 0), . . . , e„ := (0,...,0,1). To prove 
the minimality it suffices to show that the elements {x'^^XiCi — Xj.(^a)eji(a)), XjXkXiCi'} are 
i^-linearly independent. To prove this let us consider the descending filtration {Wi := 
®]=iAn,3ej} on W. Clearly, Wi/Wi+i = (A„,3ei © Wi+i)/Wi+i ~ A„,3ei ~ A„,3, i > 1. 
Suppose that r := ^AjaX"(xjej — Xj^(a)Gj^(a)) + Pi',j,k,iXjXkXiei' = is a nontrivial 
relation. Let i be minimal index such that either some Aj^ 7^ or some Pij,k,i 7^ 0. Then 
r E Wi. Taking the relation r modulo Wi+i we have 

r = XiaX'^Xi + ^ Pi,j,k,iXjXkXi)ei = mod Wi+i, 

(we used the fact that ji(a) > i), i.e. ^ AjaX^Xj + J2 f^i,j,k,iXjXkXi = in A„^3, hence 
all Xia = and all Pi,j,k,i = since all the monomials are distinct, a contradiction. This 
finishes the proof of the theorem. □ 

The dimension of E' n E". Recall that 

{1 if n is odd, 
2 if n is even. 

Let E/E" := {ctE" | a G E} = {aE" | a G E'} since E = E'E" (Corollary EH (1)). 

The next result shows that the subgroup E" of E is quite large and that the intersection 
E' n E" is a large subgroup of E'. 

Lemma 6.2 Let K be a commutative ring and n > 4. Then 

1. E' n E" = E'^ where E'^ := {a G E' | (a - l)(m) C m^}, and so E' n E" is a closed 
subgroup ofT,. 

2. The group E' fl E" is a unipotent affine group over K of dimension 

dim(E' n E") = {n- 2)2""^ - n + 7r„ - (n - 3) 

over K . 
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3. There is the natural bijection S/S" — S'/S'^ ~ 11"=/ Ilaes' {Pi,ji(a);Aa.'«}AG-ft:; ^ 
crS', where a G S' (see Corollary \4.11\ (1)). The set S'/S'^ is an affine variety of 
dimension 

Proof. 1. For n = 4, the first statement is obvious as S'^ = S"^ = {e} and S'flS" = {e}, 
by the very definitions of the groups S' and S". We assume that n > 5. 

By ( l95l) . any element a of S' is a product cr = a^a^ ■ ■ ■ a2[ii^]+i where cxj is a product 

of elements of the type Pij^ ^{as);Xx"^ , £ 'S'^' s, 1 < s < [^^], by fl96|) . Any element a of 
S'^ is a product cr = (Xscry • ■ ■ cr2[ri^]^^ (with as = e) where each cxj is product of elements 

of the type Pi,j,^(„,);Ax"- , e S^^, 2 < s < [^]. For n > 6, by ([73]), if s > 2 then all 
G S". Therefore, an element o = 0-30-5 • ■ -a^yiLzi^^i G S' belongs to the group 
E" (i.e. a G S' n S") iff ^3 G S" (since ^5 ■ • ■ fT2[n_i]+i G S'') iff (T3 = e. 

An element a = 0-30-5 ■ ■ • o-gjnziij+i G S' belongs to the group S'^ iff 0-3 G S'^ (since 
(T5 ■ ■ ■ ^2(2^]+! G iff ^3 = e. Therefore, S' n S" = E'^ if n > 6. 

If n = 5 then S'^ = {e} by fl89|) . and so S' fl S" = {e}, by the very definitions of the 
groups E' and S". 

3. By Corollary 14 . 1 1 [ ( 1 ) . S = S'S". Using statement 1, we se that 



n-l 



S/S" = S'S'VS" ^ S'/S' n S" ^ S'/S'^ ^ S'VS'^ ^1111 {A,..(");Ax4Aei.. 

So, S'/S'^ is an affine variety. Now, using the identifications as in the proof of Theorem 
15.41 in the case s = 1 there it follows at once that 

dim(S7S'^) = rk^(F) - rk,,(A„,2) = ^ ("^ 2 ^ " G) ^ " (2 

One can prove this fact directly. Note that l^j'^^l = ("2^), 1 < z < n — 3; \S'^_2 i| = ("2^) ~^ 
and |5'^_i_i| = ("2^)- Then 

di,„(E72'=) = E = in - 3) (« - + (« - 1) - 1 + (" - = („ - 3) ( j , 

2. By statement 1, S' n S" = S'^ Hence, 



n 



dim(S' n S") = dim(S') - dim(S7S'^) = {n - 2)2""^ - n + 7r„ - (n - 3) 
by Corollary 15.61 □ 

The dimension of S. The next theorem gives the dimension of the Jacobian group 
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Theorem 6.3 Let K be a commutative ring and n > A. The Jacobian group is a 
unipotent affine group over K of dimension 



dim(S) 



[n — 1)2" ^ — + 2 if n is even, 
(n — 1)2"~^ — + 1 if n is odd, 



over K, i.e. the algebra of regular functions on is a polynomial algebra in dim(S) 
variables over K . 

Proof. Recall that the algebraic group S' is affine and dim(S') = {n — 2)2'"^^ — n + 7r.„ 
(Corollary ES]); S ~ S' x r.;^ (Corollary EH (5)); dim(J^;') = n(2"-2 - n + 1), see (|8T|). 
Therefore, the algebraic group S is affine and 

dim(S) = dim(S')+dim(j;') = {n~2)2''''^-n+'Kn+n{2''~'^-n+l) = (n-l)2"-i-n2+7r„.n 
The Jacobian group S is a large subgroup of F since 

li,„ = li,„ (»-l)2'-;-»- H-^.. ^ 1. (gg, 

n^oo dim(r) n-»oo 72(2" ^ — U) 

The coordinates of S. The isomorphism (p6l) and the isomorphism in Theorem 
14.91 (5) provide the explicit coordinates for the Jacobian group E if n > 4. 

The dimension of S". The following theorem gives the dimension of the group S" 
and proves that the group S" is a closed normal subgroup of S (which is not obvious from 
the outset). 

Theorem 6.4 Let K be a commutative ring and n > A. Then 

1. s" = (s' n s")J^;' = s'sj;'. 

2. S" is the closed normal algebraic subgroup ofH. Moreover, S" is an affine group of 
dimension 



dim(S") 



{n — 1)2" ^ — 72^ + 2 — (n — 3) (2) if n is even, 
{n - l)2"-i - + 1 - (n - 3) (2) if n is odd. 



and the factor group S/S" ~ E'/S'^ is an abelian affine group of dimension dim(S/S") 



-(V)-G) = (--3)G)- 



3. The map S' n S" x J^" S", {a', ^od{n), • • • , 6, 6) ^ cT'^od{n) ■ ■ ■ ^56, isomor- 
phism of algebraic varieties over K with the inverse a ^ cr'^od{n) ■ ■ ■ ^5^3 given in 
Corollary \4.11\ (5). 
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Proof. 1. The first equality follows from statement 3, then the second equality follows 
from S' n S" = (LemmaEJl(l)). 

3. Since J-'^ C S" C S, statement 3 follows from Corollary 14. 1 1[ (5) . 
2. By Lemma [6.21 (2) and statement 3, the group S" is affine and 

dim(E") = dim(S' n S") + dim( J-;') 



(n - 2)2"-" - n + TTn - (n - 3) ( 2 ) + ri(2"-" - n + 1) 



{n - 1)2"-^ - + 7r„ - (n - 3) 



by Lemma [6.2[ (2) and fl8ip . Recall that S' is a closed subgroup of S and S'^ is a closed 
subgroup of S', hence S" is a closed subgroup of S since 

S" ~ (S' n S") xj^^ = S'^ X J-;' C S' X J-;' S. 

Let us prove that the group S" is a normal subgroup of the Jacobian group S. First, note 
that 

C S", (100) 

since = E'^S''^ (Corollary EH (2)) and S'^ = S' n S" C S" (Lemma 0(1))- The 
subgroup S" is normal in E iff aS" = S'V for all a G S. Note that 

[s, s] c [F, F] n s = [F^ F^] n s c F^ n s = 

For any r G S", 

ar = (xra-V-Va = [a, T]ra G [S, S]S"(T C S^SV = SV, 
by (llOOl) . This means that cxS" C S'V. Similarly, 

ra = aT[T-\ a'^] G S] C = aS", 

by (llOOp . This means that S'V C aS". Therefore, crS" = S'V for all a G S, i.e. S" is a 
normal subgroup of E. Finally, the factor group 

s/s" = s's'Vs" ~ s'/s' n s" = e'/s'^ 

is an abelian affine group of dimension (n — 3) (2) (Lemma 16. 2[ (3)). and its coordinates are 
given explicitly by Lemma [6. 2[ (3). □ 

The coordinates on S". By Theorem 16. 4[ (3). each automorphism cr G S" is a unique 
product cr = (T'^od(„) ■ • -^5^3 where, by ( |96|) . the a' is a unique product 

r n— 1 1 

^' = n n n p.a.h;a.-" (loi) 

s=2 i=l a€S' . 
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where a = ai^s (they depend on i and s) and Aq = Xa,i,s £ K. Therefore, {Aq, = Xa,i,s} and 
the coefficients of the elements that define the automorphisms C,i are affine coordinates for 
the algebraic group S" over the ring K. The group S" is a large subgroup of the Jacobian 
group S and the group S' is of 'half size' of S" since 

, dim(S") , dim(S') 1 , , 

lim ^ = 1, lim - — }—{ = -. 102 

n^oo dim(S) n^oo dim(S") 2 

The dimension of For groups A C B, let := {Ab \b e B} and := 

{bA I 6 G -B}. If a group A acts on sets X and F then a map / : X — > y that respects the 
actions of the group G on the sets X and Y is called a G-map, i.e. f{ax) = af{x) for all 
a E A and a; G X. The isomorphism in Corollary 14.111 (5) is a E'-isomorphism where the 
group S' acts by left multiplication on S and S' (in S' x JF"). Therefore, the set is 
naturally isomorphic to the set E'\S' x J^'^ ~ JF". The set J^'^ is an affine variety over K 
of dimension n(2"~^ — n + 1) (by fIST]) ). hence so is S'\S. Note that 

since S = S'S" (Corollary |iTIl(l)) and S' n S" = S'^ (Lemma [621(1)) • So, we have 
proved the next corollary. 

Corollary 6.5 Let K he a commutative ring and n > 4. There are natural isomorphisms 
of affine varieties over K: T'^ ~ ~ S' n ~ E'5\S", each of them has 

dimension n(2"'~^ — n + 1) over K . 

7 The image of the Jacobian map, the dimensions of 
the Jacobian ascents and of r/H 

In this section, it is proved that all the Jacobian ascents are distinct groups with a 
single exception (Corollary 17. 7p and that their structure is completely determined by the 
Jacobian group, = V^^^^T, (Theorem 17.11) : each quotient space r2s/r2t is an affine 
variety (Corollarv 17.41) which is, via the Jacobian map, canonically isomorphic to the affine 
variety E'^ 2s I ^'n 2t (Theorem 17.61) . In particular, the quotient space F/S is an affine variety 
of dimension 2"'~^ — Hn (Corollary 17.81) . The Jacobian map is a surjective map if n is odd 
and is not if n is even. (Theorem 17.91) . 

The equalities = F^^+^S. It follows directly from ([26]) and ([52]) that F^^+^S C Fa^ 
for all s = 1, 2, . . . , [^^]. The next theorem states that, in fact, the equalities hold, i.e. 
-p2s+i^ _ Y^^_ The groups {F^*"*"^} have clear structure and are given explicitly, therefore 
studying the Jacobian ascents {F2s} is immediately reduced to studying the Jacobian group 
S. 

Theorem 7.1 Let K be a commutative ring and n > A. Then 
1. T2s = F^^+^S = $2«+iS = $'2^+iS for each s = 1,2, . . . , [^]. 
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2. Ifn is an even number then r„ = E, i.e. r„ = r„+2 = S. 

Proof. 1. The equalities r^*+^E = are obvious due to Theorem 14.91 (2). The 

equahties <|)^'^+^S = $'^■^+^2 are obvious due to Theorem 15 ■4[ (1). The inclusions F^^'^'^S C 
are obvious for s = 1,2, ... , [■^]. To prove the reverse inclusions let cr e (i.e. 
Ji^) e ^L) where 1 < s < [^]. We have to show that a E T^^+^S. If J{a) = 1, 
i.e. 0" G S, there is nothing to prove. So, we assume that J7'(cr) 7^ 1, i.e. a S. By 
Theorem 01 (1). cr = 0^ for some elements (p G <|)2m+iy<|)2m+3 g^^^j ^ ^ ^//_ j^^^^ 

presentation, say a = 0^, with the least m. Using Lemma [5.31 and Theorem I5.4[ (2.3). we 
see that (by the minimality of m) 

jia) = jm = jimJiO) = Ji<t>) e i5^L\^L+2, 

and so cr G r2m\r2m+2, hence s < m by the choice of m and since a G r2<i. This proves 
that a G C r^^+^S C T^^+^S, as required. 

2. Note that r„ C r„_2 = (by statement 1) and = {e}, and so 

<|)'"-i/<|)"+i = $'"-1. If cr G r„ then cr = 0r for some automorphisms (p G and 
r G S, and „ = 1 + KxiX2 ■ ■ ■ Xn 3 J{a) = J{(pT) = J{(j)), hence G $"+^ = {e}, by 
Theorem 15.41 (3) and Lemma [5.31 Therefore, a = r G S. This proves that r„ = S. □ 

Note that the number t := 2[^^] + 2 is equal to n + 1 if n is odd; and to n if n is even. 
Correspondingly, 

r,.^., = ^-^ = ^ _ (103) 

^ I r„ = S if n is even (by Theorem 17.11 (2)). 

Combining two results together, namely Theorem 17. 11 (1) and Theorem 15.41 (2). for each 
s = 1, 2, . . . , [^^], there is a natural isomorphism of the abelian groups: 

r2./r2.+2 ^ $'2^+V$2^+3. (104) 

In more detail, 

r2s/r2s+2 = $^''+^E/$^''+^E ~ ^^''^^ /<l>2*+^(E n $2^+^) = $2''+^ l^2s+3j^>2s+l 
^ ^^/2s+l ^j-j/2s+3 ^ ^'2s+l ^^2s+3y^Y,''^s+l ^^/2s+3^ ^ ^/2s+l ^,|,2s+3 

By Lemma ES] and (11041) . for each s = 1,2,..., [^^], there is the natural isomorphism of 
the abelian groups: 

r2s/r2.+2 ^ $'2^+V<f - K,2s/K,2s+2, ^^2s+2 ^ J(^)K,2s+2- (105) 

This isomorphism and its inverse, fll06p . are some of the key results in finding the image 
of the Jacobian map (Theorem I7.9p . Recall that the map A„_2s —>■ E'^2s/ ^'n2s+2i ^ ^ 
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(1 + a)E'^2s+2^ is an isomorphism of the abehan groups. By Theorem 15.41 (3). (see also 
Lemma [5. 3p . the map 

(106) 

is the inverse map to the isomorphism (11051) where A„^2s 9 a = an-2s + • • • + a„ is the 
unique sum as in Lemma 15.11 and the automorphism cj)'^ is defined in (!92|) , namely, 

(t)'a{xk) ■= Xk, l<k<n-2s~l, 
(p'aixi) := Xj(l + aj), n — 2s < i < n. 

The fact that the map (I106P is the inverse of the map (I105P means that, for all a G A„ 2s; 

J(</.l) = l + a modK,2s+2, (lOT) 
or, equivalently, for all a G r2s, 

a = ^', modr2.+2, (108) 

where J^{o-) = 1 + a mod E'^ 2s+2 ^ unique element a G A„_2s- 

Recall that the group F is equipped with the Jacobian filtration {r2s}, and the group 
E'j^ is equipped with the filtration {-E^2s}- Both filtrations are descending. The Jacobian 
map JT" : r ^ E'^, o ^ i7(o"), is a filtered map, i.e. J7'(r2s) C E'^^s fc>^ ^ ^■ 

Theorem 7.2 Lei K he a commutative ring, n > A, and s = 1,...,[^^]. Then each 
automorphism a & T is a unique product a = 0^(2)01(4) ' ' ' 0q(2[ii^])7 /^'^ unique elements 
a{2s) G A„ 2s diT'd 7 G r2[iizii]^2 ~ ^ T^?/ UU!^) ). Moreover, 
a(2) = J^(a) - 1 mod 4, 

a(2t) = J (0';(2t_2) ■ ■ ■ 4>'a{2)(^) - 1 mod K,2t+2, t = 2, . . . , [^^-y^], 

7 = (01(2)01(4) ■</'l(2[Ii^]))~'^^- 

Proof. In brief, the theorem is a direct consequence of repeated application of (11081) . 
For s = 1, by (11080 . cr = 0'^^2) mod F4 for a unique element a(2) G A„^2 such that 
J7'(cr) = 1 + a(2) mod -^^4. Now, a = 01(2)<74 where := 0^(2)^ G F4. Repeating 
the same argument for the automorphism (T4 G F4 (i.e. for s = 2), we have = 4''a(4) 
mod Fg for a unique element a(4) G A„^4 such that i7(cr4) = 1 + a(4) mod i^^^g- Then, 
~ 'i^a(2)*^a(4)'^6 where cxg := 0^(4)01(2)'^ ^ Tg. Continue in this way we prove the theorem. 

□ 

We know already that the group F is an affine variety over K where the coefficients 
{^cT,i,a} of the monomials in the decomposition a{xi) = Xi + J2\a\>2 (where 
0" G F) are the coordinate functions on F. Theorem 17.21 introduces the isomorphic affine 
structure on F where the coefficients of the monomials x" in a{2s) and the coordinate 
functions on the Jacobian group S are new coordinate functions on F. We will see that 
this affine structure on F is very useful in studying the spaces F2s/F2t. 

The next corollary is a direct consequence of Theorem 17. 2[ 
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Corollary 7.3 Let K be a commutative ring, n > 4, and s = Then each 

automorphism a G is a unique product a = (p'a(2s)'^'a{2s+2) ' ' ' ^'a{2[^^])'^ unique 
elements a{2t) G A„^2t, s <t < [^^], and 7 G r2[ri_^]^2 — ^ (^V (IQW)- Moreover, 

a{2s) = J{a)-1 mod 2,+2, 

a{2t) = J (0';(it_2) ■ ■ ■ <P'a{2s)(^) - 1 mod K,2t+2, s <t< f^^], 

7 = (0'a(2s)0l(4)---0l(2[Ii^]))"'^- 

The dimension of T2s/T2t- The next corollary shows that the sets r2s/r2t are affine 
varieties over K. 

Corollary 7.4 Let K be a commutative ring, n >4,andl<s<t< [^] + 1. Then the 
set 

r2./r2t = {(j)'a(2s) ■ ■ ■ (l^'a{2t-2)'^2t \ a{2s) G A„,2s, • • • , a{2t - 2) G A„,2t-2} 

is an affine variety over K of dimension dim(r2s/r2t) = Yl!^k2s {2k} ■ 

Proof. The first part of the corollary follows from Corollary 17.31 where the coefficients 
of the elements a(2s), . . . , a{2t — 2) are coordinate functions of the affine variety r2s/r2f . 
Clearly, dim(r2./r2,) = El=. rk^(An,2.) = El=. (2';)- □ 

The dimension of the Jacobian ascents. By Corollary 17.31 for each n > 4 and 
s = 1, . . . , [^^], the Jacobian group 

r2. = {01(2.) ■ ■ ■ 0l(2[B^])7 1 «(20 e K,2u 7 e s} (109) 

is an affine variety of dimension 

dim(r2.) = dim(E) + ^ ("^^ Y (110) 

i=s ^ ' 

The coordinate functions for the affine group T2S are the coefficients of all the elements 
a{2i) and the coordinate functions on the Jacobian group S. In particular case when s = 1, 
one has 

V = V2 = {01(2) ■ ■ ■ <P'ai2[^])l I «(20 e A„,2„ 7 G S}. (Ill) 

It follows from fll09p and (11 111) that each Jacobian ascent V2S, s = 1, . . . , [^^], is a closed 
subgroup of r that satisfies exactly dim(r) — dim(r2s) = YllZi (21) defining equations, 
namely, all coefficients of the elements a(2), a(4), . . . , a{2s — 2) are equal to zero. 

Note that, for an even number n, T2[r] = r„ = S (Theorem 17. II (2)). This means that, 
for each n > 4 (not necessarily even), the groups S and V2s, s = 1, . . . , [^^], are all the 
Jacobian ascents. 
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Corollary 7.5 Let K be a commutative ring, n > A. Then all the Jacobian ascents are 

r n — l 1 

affine groups over K and closed subgroups ofT, and dim(r2s) = dim(S) + X]j=s (2 )' 
s = l,...,[^]. 

The isomorphisms J's,t- For 1 < s < t < [^^] + 1, the abelian group E'^^2s/^n,2t 
is an affine variety over K of the same dimension as the affine variety T2s/'r2t- The next 
result shows that the Jacobian map 

: r2./r2i - K,2./K,2i, crT,,^Jia)E'^^,„ (112) 
is an isomorphism of affine varieties. 

Theorem 7.6 Let K be a commutative ring, n > 4, and 1 < s < t < [^] + 1. Then the 
Jacobian map J s,t, (E^, is an isomorphism of affine varieties. 

Proof. By the definition, the map J's^t is a polynomial map. In order to finish the proof 
of the theorem it suffices to show that the map J's^t is a bijection and its inverse is also 
a polynomial map. For a given t, to prove these two statements, we will use downward 
induction on s starting at s = t — 1 where the result is known due to (11051) . (11061) . (11071) . 
and (llOSp . If t = 2 then s = 1, and we are done. So, let t > 3 and s < t — 1, and, by the 
inductive hypothesis, we assume that the map J's+i,t is an isomorphism of affine varieties. 
We are going to present the inverse map for J'g^t which is, by construction, a polynomial 
map. 

By Corollary 17.41 each element of r2s/r2t can be written uniquely in the form 0^rr2t 
where a G A„^2s and TT2t G r2s+2/r2t. Similarly, each element of E'^ 2s/ ^'n 2t can be written 
uniquely in the form (1 + a)bE'^2t "where a G A„ 2s and bE'^2t ^ ^n.2s+2l ^'n2f To finish 
the proof we have to show that, for a given element (1 + a)bE'^2t ^ ^'ri2s/ ^'n2v 
unknown (f>'^,TT2t G r2s/r2i, the equation 

Js,M>r2t) = {l + a)bE'^^2t 

has a unique solution 4>'^,TT2t that depends polynomially on the RHS. By taking the equa- 
tion modulo E'^2s+2^ ^6 obtain the equality a = a', by (I107p : 

l + a = J(0l,) = l + a' mod K,2s+2- 
Now, we can solve the equation explicitly which can be written as follows 

Ji<P'aWa(Js+lArr2t)) = JsA<l>'arr2t) = (1 + a)bE'^^2f 

Namely, 

rT2t = (X+i,t)'Vr'(^(0'a)~'(l + «)&K,2J (113) 
is the unique solution that depends polynomially on the RHS (note that ^7(0^)^^(1 + a) G 
K,2s+2^ by ([lOTD), as required. □ 

The Jacobian ascents are distinct groups except one case. Now, we are ready 
to give an answer to the question of whether the Jacobian ascents are distinct groups or 
not. 
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Corollary 7.7 Let K be a commutative ring and n > A. 

1. If n is an odd number then the Jacobian ascents 

r = r2 D r4 D ■ ■ ■ D D ■ ■ ■ D ^2[^] ^ r2[s]+2 = s 

are distinct groups. 

2. If n is an even number then the Jacobian ascents 

r = r2 D r4 D ■ ■ ■ D r2s D ■ ■ ■ 3 T2[^]-2 ^ ^2[^] = r2[f ]+2 = s 

are distinct groups except the last two groups, i.e. r2[H] = r2[s:]+2- 

Proof. 1. If n is odd then [^^] = [^] and the result follows from Theorem 17.61 since the 
groups {E'^ ^^^6 distinct for s = 1, 2, . . . , [^^]. 

2. If n is even then [^^] = [^] — 1 and 2[^] = n. By Theorem 17.6^ the following 
groups are distinct: F = r2 D r4 D ■ ■ ■ D D ■ ■ ■ D r2[|]-2 ^ S. By Theorem I7.1[ (2). 
r2[|] = T2[ii]+2 = and so the result. □ 

The dimension of F/S. By taking the extreme values for s and t in Corollary 17.41 
namely, s = 1 and t = [^^] + 1, we see that F/S is an affine variety due to fll03p and 
F = F2. The next corollary gives the dimension of the variety F/S. 

Corollary 7.8 Let K be a commutative ring and n > 4. Then F/S is an affine variety. 

1. If n is odd then the Jacobian map F/S E'^, crS 1-^ <J{o'), is an isomorphism of the 
affine varieties over K , and dim(F/S) = 2"^^ — 1. 

2. If n is even then the Jacobian map F/S E'^/E'^^^, aS ^ J{a)E'^^^, is an 
isomorphism of the affine varieties over K (where E'^^ = 1 + Kxi ■ ■ ■ Xn), and 
dim(F/S) = 2"-i -2. 

Proof. 1. Take s = 1 and t = [^^] + 1 in Theorem 17.61 Since n is an odd number, 
2t + 2 = n + 1, and so K,2t+2 = K,n+i = {1} and F2t+2 = F„+i = S (Corollary 0(1)). 
By Theorem I7.6[ the Jacobian map F/S E'^^, crS 1— J^{cr), is an isomorphism of the 
affine varieties over K. Now, 

[-] [?] 

dim(F/S) = dim(K) = ± (;^) = ± (;^) - 1 = 2-- - 1. 

2. Similarly, take s = 1 and t = [^^] + 1 in Theorem 17.61 Since n is an even number, 
2t + 2 = n, and so E'^^ 21+2 = ^nn = ^'^ -^^1 " " " and F2f+2 = F„ = S (Corollary 17. 7[ (2)). 
By Theorem 17.61 the Jacobian map F/S — > E'^/E'^^, crS i— > J'{a)E'^^, is an isomorphism 
of the affine varieties over K, and 

[-] [-] 
dim(F/S) = dim{K/K,n) = E (2s) - 1 = E 

s=l ^ ^ s=0 
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Theorem 17.91 gives an answer to the natural question of whether the Jacobian map 
J : V E'^, a I— s> J{cr), is surjective? The answer is 'yes' for odd numbers n, and, 
surprisingly, 'no' for even numbers n. In the second case, the image of the Jacobian map 
is large. More precisely, it is a closed subvariety of E'^ of co dimension 1 which is defined 
by a single equation. Moreover, it is canonically isomorphic to the affine variety E'^/E'^^. 

Theorem 7.9 Let K he a commutative ring, n > A, J : V E'^, a ^ J{<^\ the 
Jacobian map, and s = 1, 2, . . . , [^^]. Then, 

1. for an odd number n, the Jacobian map J is surjective. Moreover, for each s, the 
map J : — > E'^2s' ^ ~^ <^('^)j surjective; and 

2. for an even number n, the Jacobian map J is not surjective but very close to be a 
surjective map. In more detail, 

(a) the image im(j7') is a closed algebraic variety of E'^ of codimension 1 (i.e. 
dim(im(j7')) = 2"^^ — 2) which is defined by a single equation (see the proof), 

(b) im{J) n „ = {1} where „ = 1 + Kxi ■ ■ ■ x^, 

(c) the image im(j7') is canonically isomorphic to the algebraic group E'^/E'^^ via 
the map im{J) ^ E'JE'^^^, a ^ aE'^^^. 

Proof. 1. The fact that the Jacobian map J -.V ^ E'^, a ^ J{cr)i is surjective follows 
from Corollary 17. 8[ (1) and fl56|) . 

2. By Corollary 17.81 (2) and fl56|) . the Jacobian map J is not surjective, though there is 
a bijection between the image \m{J) and E'^/ E'^^^. The set E'^/ E'^^^ may be identified with 
the closed affine subvariety of the affine variety E'^ that is given by a single equation: the 

coefficient of the element equal to zero. In more detail, E'^ = 1 + (Bgti-^n,2s and 

[—1—1 

E'^l E'^ „ is identified with 1 + ©^L^ ^n,2s- Then the bijection between ym{J) and E'^/ E'^ ^ 
means that the last coordinate, say A = A((t), of each element J^{(t) = 1 + ■ ■ ■ + Axi ■ ■ - Xn 
is a polynomial function of the previous coordinates (in the three dots expression). This is 
the defining equation of the image im(j7') in E'^. So, the statements (a) and (c) follow. The 
statement (b) follows at once from the equality r„ = S (Theorem l7.1[ (2)): cr G im{J')nE'^ „ 
iff (J e r„ = S. □ 

8 Analogues of the Poincare Lemma 

In this section, two results (Theorems 18.21 and 18. 3p are proved that have flavour of the 
Poincare Lemma. Theorem 18.21 is used in the proof of Theorem 19. 1[ 

Theorem 8.1 Let K be an arbitrary (not necessarily commutative) ring. Then 

1. the Grassmann ring A„(i^) is a direct sum of right K -modules 

An{K) = Xi- ■ ■ XnK ® Xi- ■ ■ Xn-lK ® Xi- ■ ■ Xn-2J^[Xn\ ® ■ ■ ■ 

■ ■ ■ ®xi ■ ■ ■ XiK • • • , a;„J ® ■ ■ ■ ® XiK[Xz . . . ,Xn\ ® K[X2 . . . ,Xn\. 
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2. So, each element a G Kn{K) is a unique sum 

n-2 

a = Xi - ■ ■ Xnttn + Xi - ■ ■ Xn~lhn + ^1 ' ' ' + ^1 

i=l 

where a^, bn E K, bi & K[xi+i . . . , x„J , 1 < i < n — 1. Moreover, 

an = dndn-i- ■ - diia), 
bi+i = didi^i • ■ ■ (9i(l - Xi+i9i+i)(a), 1 < i < n - 1, 
bi = {l-xidi){a). 

So, 

n-l 

a = xi ■ ■ -Xndndn-i " " " <9i(a) + ■ ■ ■ Xidi ■ ■ ■ di{l - Xi+idi+i){a) + (1 - Xidi){a). 

i=l 

Proof. For each i = 1, . . . , n, let := K\_Xi^ . . . , x„J and Kn+i := -ft'. 

1. Existence of the decomposition is a consequence of a repeated use of the fact that 
Ki = XiKi+i © Ki+i. Namely, 

Kn = X1K2 ®K2=Xi {X2K3 © K3) © fsTa = X1X2K3 © XiiTg © K2 
= XiX2{x3K4 ® K4) ® XiK:i ® K2 
= xiX2X'i{xAK^ © K^) © xiX2Ki © ® K2 = ■ ■■ 

when this process stops after n steps we get the required decomposition. 

2. The crucial steps in finding the coefficients for the element a are (z) df = ■ ■ ■ = 
dn = 0, and (ii) for each i = l,...,n, the map 0j := 1 — Xj(9j : — A„ is the 
projection onto the Grassmann subring K[xi, . . . ,Xi, . . . , Xn\ in the decomposition A„ = 
K[xi, . . . ,Xi, . . . , Xn\ © XiK[xi, . . . ,Xi, . . . , Xn\ (Lemma \2.2L The tail t in the sum a = 
Xi ■ ■ ■ x„a„ + if: has (total) degree in the variables Xi, . . . ,Xn strictly less than n, hence t is 
killed by the map 9„ ■ ■ ■ 9i. Therefore, 

dn---di{a) = 9„---9i(xi---x„a„) = <9„ ■■■ 92(^2 ■■■ x„a„) = ■ ■ ■ = a„. 

To find the elements bi we use induction on i. Since the map 0i = (1 — xidi) : A„ — A„ 
is a projection onto -ft'[x2, . . . , Xn\ and all summands of a but the last belong to the ideal 
(xi) (which is annihilated by it follows at once that 0i(a) = 0i(&i) = &i. Similarly, 
applying 02 to a we see that 02(«) = 2:162 + 02(^1). Since 02 (&i) ^ -^'L^s, . . . , , a;„J , we have 
<9i02(&i) = 0, and so c)i02(a) = (9i(xi62) = &2. Suppose that the formula for the b^ in the 
theorem is true for all /c = 1, . . . , i, we have to prove it for i + 1. The cases i = 1,2 have 
been established already. So, let i > 3. Now, 

0i+i(a) = xi ■ --Xibi+i + 0i+i(^xi ■ --XkOk ■ ■ ■ di(f)k+iia)) + 0i+i(6i). 

fc=i 
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Note that the skew derivations di, . . . ,di commute with G K[x2, ■ ■ ■ , x^n^ • • • ; ^nj 

imphes = 0, and so (9j ■ ■ ■ = 0. For each k = 1, . . . ,i — 1, let 

Cfe = ■ ■ ■ Xkdk ■ ■ ■ di(f)k+i{0')) ■ Using the commutation relations for the Grassmann 

fT-algebra = (Ba^peBt^^^x^K one can write (in A^) 

xi - ■ ■ Xkdk ■ ■ ■ di = 1 + dk where 4 G ®o^aeBk,f^eBkd°'x'^ K. 

Since dk - ■ ■ didk = {as df = ■ ■ ■ = dl = 0) and i > k, we have 

di--- diCk = (pi+idi ---di{l + dk)(t)k+i{a) = <pi+idi - - - dk+i - - - di(t)k+i{a) 
= {-!)'' (f)i+idi - --dk+i - - - didk+i(j)k+i{a) = 

since 9^+10^+1 = 0. Now, we see that 

di - - - di4>i+i{a) = di - - - di{xi - - - Xibi+i) 

= di- - - di{xi- - - Xi)hi+i (as G K[xi+2, • • • , a;„J C r\\^^]iBx{dk)) 
= h+i-, 

as required. □ 

By Theorem 18.11 the identity map idA„ : A„ — > A„ is equal to 

n-l 

idA„ = xi - --Xndndn-i ■ ■ ■ 9i + ^ Xi ■ - - Xidi - - - di{l - Xi+idi+i) + (1 - xidi). (114) 

i=l 

li n' >n then the RHS of (11141) is a map from A„/ to itself. Therefore, 

n-l 

idA;, = Xi - --Xndndn-1 ■ ■ ■ 9i + ^ Xi ■ --Xidi - - - di{l - Xj+i^i+i) + (1 - Xidi). (115) 

i=l 

Theorem 8.2 Let K be an arbitrary ring, ni,...,M„ G An{K), and a G An{K) be an 
unknown. Then the system of equations 

X\a = ui 

X2a = U2 

< 

^ x^a XLfi 

has a solution in A„ iff the following two conditions hold 

1. ui e (xi), . . . , M„ G {xn), and 

2. XiUj = —XjUi for all i ^ f ■ 
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In this case, 

n-1 

a = xi- ■ ■Xnttn + '^xi- ■ -Xidi- ■ -didi+i^Ui+i) + di{ui), a„ G -ft', (116) 

i=l 

are all the solutions. 

Remark. An analogue of the Poincare Lemma for A„ is given later (Theorem 18.31) . 
Theorem 18.21 is a sort of Poincare Lemma for the Grassmann algebra since the map l^^ '■ 
An An, u (-^ XiU, the left multiplication by Xj, is a sort of skew partial derivatives on Xi 
as follows from the following two properties: 

1. Each element a G is a unique sum a = xia + (3 with a, /5 G K\_xi, . . . ,Xi, . . . Xn\ 
and /xi(a) = Xij3; and 

2. for any two elements G A„_s and at G An,t where s, t G Z2: 

xM = l^^a.at + \x.a,at = {\x.aMt + (-l)^a.(ia:.aO, 
provided ^ & K. 

Proof. Suppose that a G A„ is a solution then Ui = Xia G (xi) for all i; and, for all 

So, conditions 1 and 2 hold. Evaluating the skew derivation di at the equality 
one sees that 

di{ui) = di{xia) = (1 - Xidi){a). (117) 

Let us write the element a as the sum in Theorem 18.11 Note that if a is a solution to the 
system then a + xi ■ ■ ■ x„an is also a solution for an arbitrary choice of a„ G K, and vice 
versa. By flll7p and Theorem 18. 1[ (2). 

n-1 

a = xi- --Xnan + ■ "^i^i ' " " ^^i^^i+i ("i+i) + di{ui). 

i=l 

This proves (11161) . 

It remains to show that if conditions 1 and 2 hold then (11161) are solutions to the system. 
We prove directly that Xja = Uj for all j. An idea of the proof is to use the identity (11151) . 
For j = 1, note that Xidi{ui) = Ui since Ui G (xi), and so Xia = Xidi{ui) = Ui. Suppose 
that 2 < j < n. Then 

XjU = xi - ■ ■ Xj-idj-i ■ ■ ■ diXjdj{uj) + xi ■ ■ ■ Xidi ■ ■ ■ (9iXj(9j+i('Uj_|_i) + Xjdi{ui). 

i=l 

Note that Xjdi+i{ui+i) = -di+i{xjUi+i) = -di+i{-Xi+iUj) = (l-Xi+i9j+i)(uj); Xjdj{uj) = 
Uj since uj G {xj); and Xjdi{ui) = —di{xjUi) = —di{—xiUj) = (1 — Xidi){uj). Using these 
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equalities, we see that 
Xjtt = (xi ■ ■ ■ Xj-idj^i ■ ■ - di + ^xi - ■ ■ Xidi ■ ■ ■ (9i(l - Xi+idi+i) + (1 - xidi)){uj) = uj, 

i=l 

by (11151). □ 

Theorem 8.3 Let K he an arbitrary ring, Ui,...,Un G An{K), and a G An{K) be an 
unknown. Then the system of equations 

di{a) = ui 
^2(0) = U2 

has a solution in A„ iff the following two conditions hold 

1. for each i = 1, . . . , n, Mj G ii' [xi, . . . , xi, . . . , x„J , and 

2. diiuj) = —dj{ui) for all i j . 
In this case, 

a = \+ XeK, (118) 

are all the solutions where (j) is defined in Lemma IKM ( 3) and, for a = {ii < ■ ■ ■ < ik], 
Ua := di^di^_^ ■ ■ ■ di^iuij . 

Proof Suppose that a G A„ is a solution then Ui = di{a) G im(9j) = K[xi, . . . ,Xi, . . . , x„J , 
and so the first condition holds. For all i ^ j, 

di{uj) = didj{a) = -djdi{a) = -dj{ui), 

and so the second condition holds. Note that if a is a solution then a + X, X & K, are all 
the solutions since K = n"=iker(9i). By Theorem 12.31 (1). 

a= J2Hd''{a))x'' = X+ ^ 0(9°(a))a;" = A + ^ 
SO (fTTSD holds. 

It remains to show that if conditions 1 and 2 hold then (11181) are solutions to the system. 
We prove directly that 9, (a) = Ui for all i. An idea of the proof is to use the equality of 
Theorem 12.31 (1) together with conditions 1 and 2. 

di{a)= J2 <P{Ua){-lT'^"'^"'-'x''\^'^ = J2 </>(<9"\^'^(Mi))x"\^^^ =Mi. 

The second equality above is due to the fact that (— l)°i"' '""'-iMq, = d""^^^^ (ui) , by condi- 
tion 2. The last equality follows from Theorem 12.31 (1) and condition 1. □ 
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9 The unique presentation a = uJi+alh^^A for cr G AutK(Ay^) 



In this section, if is a reduced commutative ring with \ e K. By Theorem EH (3), 
G = QrGLn{K)°P. So, each element a E G has the unique presentation as the product 
cr = iUi+albCTA where e n {a e K'f), 7f, G T, cta G GL„(/s:)°f where A^"'^ := 
and i runs through all odd natural numbers such that 1 < i < n — 1. 

Theorem 9.1 Let K he a reduced commutative ring with \ E K. Then each element 
a E G is a unique product a = uJi-^-alb^A (Theorem 2.141 (3)) where a G A^'' and 

1. cr(x) = Ax + ■ ■ ■ (i.e. cr(x) = Ax mod m) for some A G GL„(if), 
A^^ai^x)"'^ — X, and 



2. b 



iA-^%\aixr)h 



( 
















, a{xY" = 




\Xn) 


\hn) 


\<y{xn)) 




\(T{xnYy 



3. a = -|7fe(ZliLi ^i--- ■ ■ ■ didi+i{a'ij^^) + di{a[)) where a- 
the i'th component of the column-vector A~^'j^^(a{xY^) . 



Remark. Recall that x 
/(t(xi)°A 

a{x)°'^ = \ , and any element m G A„ is a unique sum u = u'^'" + u°'^ of its even 

and odd components. 

Proof. Statement 1 is obvious. Note that 

a{x) = uJi+alb{Ax) = uJi+a{A{x + b)) = A{x + b) + 2aA{x + b). (119) 

Then cr(x)°'^ = A[x + b) and ai^xY"" = 2aA{x + b). The first equality is equivalent to 
statement 2, and the second equality can be rewritten as follows, 

-^A'^aixY" = {x + b)a = 7fe(x)a = 7b(a;7^"^(a)), 

or, equivalently, X7^"^(a) = —^A^^^-^^a^xY^)- This is the system of equations 



'^1% ^ 


[a) 


— 2"l' 




[a) 


- -ifl' 

~ 2 2) 




(a) 


2"n 



Its solutions are given by Theorem 18. 2[ 

^ n— 1 

a = --IbC^xi ■ --Xidi ■ ■ ■9i9i+i(a-+i) + di{a\)) + a„xi ■■■Xn, an E K, 

1=1 

where we have used the fact that •jbicinXi ■ ■ ■ Xn) = ■ ■ -Xn. Since a„xi ■ ■ - Xn = a + 
|7fe(. . .) G A^"' we must have a„ = 0, hence statement 3 holds (where (. . .) are the elements 
in the bracket above"). □ 
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